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Abstract 

In this work we consider semi-classical Schrodinger operators with 
potentials supported in a bounded strictly convex subset O of R" with 
smooth boundary. Letting h denote the semi-classical parameter, we 
consider certain classes of small random perturbations and show that 
with probability very close to 1, the number of resonances in rectangles 
[a, h] — i[0, ch?/^[, is equal to the number of eigenvalues in [a, h] of the 
Dirichlet realization of the unperturbed operator in O up to a small 
remainder. 

Resume 

Dans ce travail on considere des operateurs de Schrodinger dont 
les potentiels ont leur supports dans un ensemble strictement convexe 
O ^ R" a bord lisse. Avec h designant le parametre semi-classique 
nous considerons des classes de petites perturbations aleatoires et 
montrons qu'avcc probabilitc trcs proche de 1, le nombrc dc resonances 
dans des rectangles [a, 6] — i[0, c/i^/'^[, est egal au nombre de valeurs 
propres dans [a, h\ de la realisation de Dirichlet de I'operateur dans O, 
a un petit reste pres. 

*Ce travail a bcneficie d'une aide de I'Agence Nationale de la Recherche portant les 
references JC05-52556 et ANR-08-BLAN-0228-01 ainsi que d'une bourse FABER du con- 
sell regional de Bourgogne 
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A WKB estimates on an interval 11141 

1 Introduction 

There is now a very large literature about the distribution of scat- 
tering poles (resonances) often using methods from non-self-adjoint 
spectral theory and microlocal analysis, including many results about 
upper and lower bounds on the density of resonances. See for instance 
[28], [6] and the references given there. Less is known about actual 
asymptotics for the number of resonances in various domains. In this 
paper we shall give such a result for the semi-classical Schrodinger 
operator 

P = -h^A + V{x), (1.1) 
on where V G L°°(R"; R) has compact support. 



Recall that the resonances or scattering poles of the operator ( 1.1 ) 
can be defined as the poles of the meromorphic extension of the re- 
solvent (P — z)~^ : C^(R"') — ^ i/iQj,(R") across the positive real axis, 
to the logarithmic covering space of C \ {0} when n is even and to 
the double covering when n is odd. Alternatively we can continue 
{P — fc^)~^ from the upper half-plane across R \ {0} which gives a 
meromorphic function on C when n is odd. Using the second defi- 
nition, we can introduce the number N{r) of resonances in the disc 
-D(0,r) when n is odd. 

In one dimension and for /i = 1, M. Zworski [3T] showed that if 
[a, b] is the convex hull of the support of V, then 

N(^r) = + o(r), r ^ oo, (1.2) 

vr 

which is 2 times the asymptotic number of eigenvalues < of the 
Dirichlet realization of —A + V on [a, 5], the factor 2 being explained 
by the fact that the resonances are symmetric around the imaginary 
axis. He also showed that most of these concentrate to narrow sectors 
around the real axis. This extended an earlier result of Regge. Sub- 
sequently R. Froese [11] got similar results for potentials that do not 
necessarily have compact support but are very small near infinity. See 
also the recent works [HJ [TJ [9] about Weyl and non-Weyl asymptotics 
for graphs. 

In higher odd dimensions, M. Zworski [32] considered the case of 
radial potentials of the form V{x) = f{\x\) with support in i?(0,a) 
where / G C^([0,a]), a > 0, /(a) / and obtained a Weyl type 
asympotics (still with /i = 1), 

N{r) = KnoJ'r'' + o(r"), r ^ +oo, (1.3) 
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where Kn > 0. In [28], P. Stefanov gave an explicit formula for the 



constant KnoT" and showed that the right hand side of (1.3) is up to 
o(r") the sum of 2 times the number of eigenvalues < for the interior 
Dirichlet problem in the ball -6(0, a) and the number of scattering 
poles for the exterior Dirichlet Laplacian in R" \ i?(0,a). He also 
showed (as a corollary of a more general result for operators with 
black box) that if we drop the radiality assumption and only assume 
that V G L°°(R";R) has its support in i?(0,a), then we have the 
upper bound 

N{r) < Knd'r'' + o(r"), r ^ +oo. (1.4) 
T. Christiansen |6] introduced th e set 9Jta of L°° potentials V with 



support in -6(0, a) for which we have ( 1.3 ) and gave the leading asymp- 
totics, of the form Cr", for the number of resonances in sectors in the 
lower half-plane intersected with the disc -D(0,r). These formulas 
were implicit in |32l [28] in the case of the radial potentials considered 
there. In particular, when considering smaller and smaller sectors ad- 
jacent to R+ or R_ we can see, using Lemma 3.3 of [6j and some 
wellknown formulas for the T function and the volume of the unit 
ball, that the constant C converges to the one we get in the lead- 
ing Weyl asymptotics for the number of Dirichlet eigenvalues for the 
Laplacian in i?(0,a). In the theorems 1.2, 1.3 of the same paper the 
author gives interesting extensions "for most values of z" to the case of 
potentials V{x, z) depending holomorphically on a parameter z with 
suppy(-,z) C B{0,a) such that V{-,zo) belongs to Tla for at least 
one value of zq. Such results remain significant also after restriction 
to real-valued potentials. (See also earlier results of the same author, 
cited in [6].) 

The main result of this paper has some relations to the above 
mentioned ones. We work in the semi-classical limit (/i — )• 0) and the 
ball -6(0, a) is replaced by a more general strictly convex set. Our is 
result does not make use of any class of the type DJta and the conclusion 
concerns the number of resonances in a thin rectangle without any 
need for taking a limsup or an average as in the corresponding results 
in |6] . Nevertheless it is very interesting to note the similarities of the 
results, and there are also similarities in the proofs at least on some 
ideological level. 

We next proceed with a rough description of our result and leave 
the precise statements to the next section. Let O (s R" be open 
strictly convex with smooth boundary and let Vq G C°°{0; R) vanish 
to the order t>o > on the boundary. By Vq we also denote the 
extension to all of R" which vanishes outside O and we consider the 
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potential 

V{x) = Vo{x)+5q^{x) 

where (5 > is a small parameter > and a random perturbation 
whose properties will be specified in the next section. A possible 
choice of 5 is a high power of h. Our main result, Theorem |2.1| then 
states that ifO<a<6<oo and if C > is large enough so that the 
exterior Dirichlet problem for — /i^A has no resonances in the rectangle 
[a, C~^, 0], then with probability very close to 1, the number 

of resonances of P = —h?/^ + V in the rectangle [a, b] +ih?'^^[—C~^ ^ 0] 
is equal to the number NQ{[a, h\) of eigenvalues in [a, h] of the Dirichlet 
realization of /i^A + Vq in O plus two "errors" . The first error is a term 
that can be bounded by a positive power of h times h~^. The second 
error is bounded by a constant times NQ{[a— p,a+ p\)+NQ{\b— p,h+ p\) 
where p = hi~^ for any fixed 5 > 0. As will be stated more explicitly 



in Theorem 2.4, we can choose our class of random perturbations to 
be concentrated to a ball of radius in the Sobolev space for 
arbitrarily large and s. 

The motivation for this work was to apply recent results and tech- 
niques for proving Weyl asymptotics for non-self-adjoint differential 
operators with small random perturbations either in the semi-classical 
limit or in the limit of large eigenvalues |19^ [20l U] , to the problem of 
resonances. Indeed, using some version of complex scaling or its mi- 
crolocal versions, this can be viewed as an eigenvalue problem for a 
non-self-adjoint operator. The new difficulty here is however that if 
we want to keep a realistic problem we should apply the random per- 
turbation first and use complex scaling only outside the support of the 
perturbation. If we let p{x,^) denote the leading semi-classical symbol 
of the scaled operator, and we let z vary in a complex domain like a 
thin recatngle along the real axis, then as soon as z is not real, the 
set p~^{z) must belong to the part of phase space which corresponds 
to the scaled region (since the original unsealed symbol is real valued) 
and hence the support of the random perturbation is away from the x- 
space projection of this set. This leads to a difficulty since the method 
in p21l20] is based on the study of the random matrix {quej\ek), where 
ei, ctv is an orthonormal family of eigenfunctions of {P — z)*{P — z) 
corresponding to the small eigenvalues and where we let P denote the 
scaled operator. Now, the Cj will be concentrated to the projection 
of p~^{z) so if the distance from that set to the support of the ran- 
dom perturbation is too large, our random matrix will be very small 
which is a serious problem in the approach of I20j . In order to 
make the distance smaller, one could try to make the distorsion very 
important already very close to the support of the perturbation, but 
that leads to the use of very exotic symbols and after some attempts 
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in that direction we decided to follow a different approach, where the 
ideas above are possibly less apparent, but which finally worked out. 
In the next section we formulate the result and in Section |3] we give 
an outline of the proof. 



Acknowledgements We thank J.M. Bouclet for having pointed 
out the reference |,5j where the idea of differentiating several times to 
reach trace class operators is clearly present (cf Section |4]) . We also 
thank T. Christiansen for helpful comments about [6] and A. Voros for 
indicating references about the complex WKB-method. Discussions 
with M. Zworski and M. Hitrik around other joint works and projects, 
have been helpful when preparing the sections [5j [9j 



2 The result 

Readers who only wish a quick idea with less parameters can proceed 



directly to Theorem 2.4 



Let O (E be open strictly convex with smooth boundary. Our 
unperturbed operator will be 

Po = -h^A + Vo: L2(R") ^ l2(R"), (2.1) 

where Vq £ C°°(0) and we identify Vq with its zero extension. We 
also assume: 



On do we have ^0(3;) = and duVo < 0, (2.2) 

where u denotes the exterior unit normal. 

The result concerns the distribution of resonances of 



P = Ps = Po + 6e{x)qUx), 
where e(x) G C°°(0) satisfies 



< 6(2;) X dist {x,dOy°, x£0\dO, vo£ 



n — 1 



(2.3) 



+oo[nN. (2.4) 



As in (2.1) © also denotes the 0-extension to all of R". 



As in \19\ l20j , we choose the random function of the form 

Quiix) = ^ ak{uj)ek{x), |q|rd < R, (2.5) 

0<fik<L 

where is an orthonormal basis of real eigenfunctions of h^R, where 
R is an /i-independent real positive elliptic 2nd order operator on X 
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with smooth coefficients. Here X is a smooth compact manifold of 
dimension n containing O (in the sense that we have some diffeomor- 
phism from a neighborhood of O onto an open set in X and we identify 
O with its image). For instance, we can let X be an n-dimensional 
torus and choose —R to be the Laplacian. Moreover, h^Reu = IJ-l^k, 
/ifc > 0. We choose L = L{h), R = R{h) in the following intervals 
where s e]§,?;o + \l e G]0,s - §[, 6 G]0, l/2[ are fixed: 



^-M^i„ < L < Ch-^, M > M„,in := , 

/j-M^in < ^ < ^-M^ ^ > M^in := (| + e)M^i„ + 1 + + t;o, 

(2.6) 

and we shall denote by Lmin and .Rmin the lower bounds for L and R 
in these estimates. By Weyl's law for the large eigenvalues of elliptic 
self- adjoint operators, the dimension D is of the order of magnitude 
{L/h)"". We introduce the small parameter 

d = TohyC, ToG]0,hl], ^^^^ 
a > a{n, vq, s, e, 6, M, M), 

where an explicit (and not very nice) expression for a{n, vq, s, e, 6, M, M) 
can be deduced from the proof. 

The random variables aj{uj) will have a joint probability distribu- 
tion 

P{da) = C{h)e^'^'''^^L{da), (2.8) 
where for some A'4 > 0, 

|V„$| = 0{h-^^), (2.9) 

and L{da) is the Lebesgue measure on R^. {C{h) is the norming 
constant.) 

We also need the parameter 

eo{h) = h{{\n\f + \n-) (2.10) 
h To 

and assume that tq = to(/i) is not too small, so that eo(/i) is small. 

It was shown by T. Harge and G. Lebeau ^14j, see also [24j, that 
the exterior Dirichlet problem for —h?A on R" \ O has no resonances 
in the set 

9z > -2(/i5Rz)iKCi + C/i, ^ <^z< 2, (2.11) 



k+n 
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if C is large enough, where 

_i vr 2 
K = 2 3COS — minQs, (2.12) 

Q is the second fundamental form on dO and Ci > is the smallest zero 
of Ai(— t) with Ai denoting the Airy function which spans the space 
of solutions to (— 9| + t)u = that are exponentially subdominant on 
the positive real axis. 

For technical reasons, we shall restrict the attention to rectangles 
of the form R = [a,b] + ih'^/^c[-l,0], ^<a<6<2, c>0 with c 



small enough so that R is contained in the domain (2.11). Thus we 
will assume that c < 2(1/2)^/^kCi. (We could replace the bounds 1/2 
and 2 by any other positive bounds < 6i < 62-) 

Let P^^ denote the Dirichet realization of Pq in O and let A^o('^) 
denote the number of eigenvalues of P^^ in the interval ] — 00, A]. Sim- 
ilarly, if / C R we let Nq(I) denote the number of such eigenvalues in 
I. The main result of this work is: 

Theorem 2.1 Let cr(Ps) denote the set of resonances of Ps. Let < 
ci < C2 < 2(1/2)^/'^kCi, p = where 5o > is arbitrarily 

small but fixed. Then there exists a constant C > such that for 
|<a<5<2, ci<c<C2 and ?> Ceo{h), we have with probability 



> 1-0(1) — -^^-^e c^^oW, (2.13) 

where the constant 0(1) is independent of a,b,c,e,h, that 

ma{Ps) n {[a,b]+ihlc[-l,0]))-No{[a,b])\ 
<0{1){Y, No{[w-p,w + p])) + h-l-^Z). (2-14) 

w=a,b 

Here Nq = max(iV3, N5), where = n{M + 1), = N4 + M. 

Remark 2.2 As in [19^ [20] and in an earlier work with M. Hager 
cited there, with probability 

>1-0(1) ^°^^\ e"^, (2.15) 



we have (2.14) simultaneously for k < a < b < 2, ci < c < C2- 



As we point out in Remark 15.1 , for a general perturbation W = 5Qqu 



as in Theorem 2.1, we have 

II^IIh^(R") < 0{5)L'R, 
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provided that ^ < J < vq + ^. Here Hf^ is the standard Sobolev 
space equipped with its natural semi-classical norm (see Section |6]) . 
By playing with the parameters, the perturbations in Theorem 2.1 can 
be chosen to be bounded by arbitrarily high powers of h in Sobolev 
spaces with arbitrarily high regularity exponents. 



Proposition 2.3 The conclusion in Theorem \2.1\ remains valid if we 
replace Vq there with the h-independent potential Vq + Wq, where Wq G 
L°°{0), Wo = 0{dist{x,dOf), d'^Wo G for \a\ < 2N and Wq S 
H''{0). Here N is the smallest integer in ](n — 1)/2, +cxd[ and s > n/2 



is the parameter in Theorem 2.1 



RecaU that H'{0) = {v £ H'(W); suppw C O}. Combining the 
remark and Theorem |2.1[ we get the following less detailed but perhaps 
more transparent version of our main result, where our unperturbed 
potential is Vi = Wq. 

Theorem 2.4 Let N = min(]^, +oo[nZ), s > max(^ +3, 2A^+ 
s > ^ and let (3 > 0. Then there exists a probability measure /i on 
H%0) with support in the ball {W £ H^(P); \\W\\h^ < hf^} such that 
the following holds: 

Let < a < C2 < 2(1/2)2/3kCi, p = /j-'^o+^/s, where 6o > is 
arbitrarily small but fixed. There exists a constant C > such that if 
I < a < b < 2, ci < c < C2, e > Ch{lnl/h)'^ and Vi G H^(0), then 
for P = — /i^A + Vi + W , W G H^{0), we have with probability (with 
respect to the random term W ) 

,/i(lnl//i)2 I ^ 

> 1 - 0(1) e ch[ini/h)^ ^ (2.16) 

that for the set cr{P) of resonances of P, 

ma{P) n {[a, b] + ihlc[-l, 0])) - No{[a, b])\ 
<0{1){Y, No{[w-p,w + p])) + h-'l-^r). (2.17) 

w=a,b 



Here N-j ( equal to n + + 2/'i as in Theorem 2. 1 , with M = 



'mm; 



M = Mining is independent of the other parameters, while the con- 



stants 0(1) in (2.16), (2.11) depend on ci, C2, (3, s, s and on an upper 



bound on \\Vi\\jjs^Qy 

Indeed, it suffices to apply Proposition 2.3 with Vq = 0, Vi = Wq 



and to observe: 

• Vi is of class with support in dO and therefore Vi = 0(dist (x, dO)"^ 
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It suffices to choose the perturbation W = SBq^i as in (2.3)-(2.7) 



with M 



Afmini ''"0 = h^^^ and the parameters 



and Q sufficiently large. 



We can choose the probability /i to be "P" in (2.8), with $ = 
(so that A^4 = 0), but any other choice as in (2.8), (2.9) is OK. 



3 Some elements of the proof 

We will introduce a distorsion T C C" of R" which concides with R" 
along O and with an exterior dilation of R" outside O as in |23|. Y2M, 125) 
and IH]. Let P = Py he the corresponding dilation of — /i^A + 
V = Vq + 5Q{x)q^{x). Then (see for instance [22]) P = Pv has 
discrete spectrum in an angle —9q< arg z < and the eigenvalues 
there coincide with the resonances. 

Let Pext be the Dirichlet realization of P on L \ O, so that the 
spectrum of Pext in the above angle coincides with the set of resonances 
for the exterior Dirichlet problem for —h?/S. (recalling that supp V C 
O). As we recalled in Section [2| there are no such resonances in 
[i,2] +i/i2/3co[-l,0] if we fix 

0<co<2(^)iKCi. (3.1) 

Restricting z to the domain 

J < < 2, 9z > -co/i5, (3.2) 

we can therefore introduce the Green operator Gext{z) : H^{r\ O) — )• 
H'^{T\0) and the Poisson operator K^^t ■ H^/^{dO) H'^{r\ O) so 
that the exterior Dirichlet operator 

^ext(^) = = H\T \ O) ^ H\T) xhI{T\ dO) (3.3) 

has the bounded inverse 

fext(^) = (Cext /i-^i^ext(^)) : {T \ O) X h'I {dO) ^ H\T \ O) . 

(3.4) 

Here 7 is the operator of restriction to dO. Let A/'cxt = lhDyKf,^t 
denote the exterior Dirichlet to Neumann operator, where ~ \^ 
and V denotes the exterior unit normal. Introduce 

B = - A4xt7 : ^'(O) ^ H^^idO)- (3.5) 
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Vont{z) = {^^l^^ ■■ H\0) ^ H\0) X m{dO). (3.6) 



For z in the domain (3.2) we shall see, by considering the continuity 
conditions at 90, that z is a resonance (i.e. belongs to the spectrum 
of Py) iff Vout{z) is non-bijective, or equivalently if G a{Pout{z)) 
where Poutiz) = P — z : H^{0) — ^ 77*^(0) is the closed unbounded 
operator whose domain is the "outgoing" space: 2?(Pout(-2)) = {u ^ 
H^{0); B{z)u = 0}. 
Let 

Vin{z) = (^^^) ■■ H\0) ^ H\0) X Hl{dO), (3.7) 

which is bijective precisely when z is not a (real) eigenvalue of the 
Dirichlet realization of P in C Away from the Dirichlet spectrum we 
introduce the inverse 

£in{z) = {GUz),h-'^Ki^{z)) : H'>{0) x Hl{dO) ^ H\0) 



and notice (cf. (7.18), (7.19)) that 



T^out{z)=(,il^ ° , )Vin{z). (3.8) 

\h2BGin A/in-A/ext/ 

Here Ain = ^hDyKij^ is the interior Dirichlet to Neumann map. Thus 
for z away from the Dirichlet spectrum, z is a resonance precisely when 
belongs to the spectrum of Ajn - A/'ext : H^'^{dO) H^/'^{dO). 

In Section [4] we show how to define - up to some non- vanishing 
factor - det A{z) for certain holomorphic or meromorphic families of 
operators that are not necessarily Schatten class perturbations of the 
identity. With this extended notion of the determinant we get from 



( |3.8D that 

detPout(^) = detPi„det(A'in - AAext). (3.9) 

A rather substantial part of the paper is devoted to the study of 
A/in, A/'ext, in the regions |9z I > /i2/3/C7 and Q'z > —coh?/^ respectively, 
where C is an arbitrarily large constant. Many such studies have 
already been done (see for instance [25]), but as is often the case, we 
found it necessary to make a new one for the needs of this paper. From 
this study we get somewhat roughly. 

In I det(A'in - AAext)! < 0(/i'-"). (3.10) 

for 

^z G]^,2[, X /^^/^ ^z > -hho- (3.11) 
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The exponent in (3.10) reflects the fact that we have made a reduction 
to the n — 1 dimensional manifold dO. 

In view of (3.9) this gives a precise upper bound on In | defPoutl-z)! 



for z in the region (3.111). Combined with a rough polynomial upper 

^ 2 

bound on In | det 'Pout(-2)| in the full region \Qz\ < /C and the max- 
imum principle, we get the upper bound 



ln|detPout(z)| < ^in{z) + 0{h^- 



(3.12) 



in the rectangle ( |3.11 ), where ^in{z) coincides with In | det'Pin(2:)| for 
l^^l > h?/^ /C and is extended (suitably) as a harmonic function inside 

A last and quite substantial part of the paper is to show (in the 
spirit of HaEO]) that for every z with h^/^ /C < \Qz\ < cq/i^/^, 1/2 < 
< 2, we also have a lower bound on In | det(A/'in — A^xt)! almost as 



sharp as the upper bound (3.10) with probability very close to 1. 



With these upper and lower bounds at our disposal, the main result 
follows by applying Theorem 1.2 of |21j to the holomorphic function 
det Pout(-2)5 whose zeros are the resonances. 



4 Grushin problems and determinants 

The results in the the first three subsections below are not new, see 
[3l [13], but we thought that a short and self-contained presentation 
can be useful. 



4.1 Gaussian elimination 

We review some standard material, see for instance [27.J- Let Hj, 
Qj, j = 1,2 he complex Hilbert space^ Consider a bounded linear 
operator 

^ = f p''l ■.nixn2^gix g^. (4.1) 

When V is bijective (with bounded inverse) we denote the inverse by 

-1 _ c — I -^11 -^12 



p-^=^= . (4.2) 



All Hilbert spaces in this work are assumed to be separable. 
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Proposition 4.1 1) Assume that Pn is bijective. Then by Gaussian 
elimination we have the standard factorization into lower and upper 
triangular matrices: 

The first factor is bijective since Pu is, so the bijectivity ofV is equiv- 
alent to that of the second factor, which in turn is equivalent to that 
of P22 — P2iPii^Pi2- When V is bijective, we have the formula, 

,-1 _ A a \ fP{^^ 0\ (Ell E12 



^ [p {P22-P2lP{iPl2)-^)\ b l) '\e21 E22) 

(4.4) 

where a = -PiiPi2iP22 - P21P11P12) ^, b = -P21P11 and in par- 
ticular, 

E22 = {P22 - P2iPiiPi2r^. (4.5) 

2) Now assume that V is bijective. Then Pu is bijective precisely when 
E22 is, and when that bijectivity holds we have 

E22 = P'22 - P21P11P12 

_i _i (4-6) 

^11 — -^11 ~ -E'12-E'22 -^21 

The first statement is clear. The second statement is more stan- 
dard and also quite simple to verify. 

4.2 Generalized determinants for holomorphic 
Fredholm families 

Let C C be open connected, let Tii, 7^2 be two complex Hilbert 
spaces and let 

n B p{z) G c(ni,n2) 

be a holomorphic family of Fredholm operators of index 0, such that 
P{z) is bijective for at least one z £ ^l. Then by analytic Fredholm 
theory (see for instance the appendix in [15j) we know that the set 
o"(P) C where P{z) is not bijective is discrete. Let zq G cr{P). Then 
we can find iV G N and operators R+ : Ui ^ C^, i?_ : ^ 
such that 

P{z) R-\ _ ^1 , ni r^N 



V{z) := ( ^^^^ ] -.nixC'' ^n2X C'' (4.7) 
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is bijective for z G neigh (zq, 0) (i.e. for z in some neighborhood of zq 
in 0). Let 

E(z) E+(z)\ ^, > r^N 



^w=U(=) £:;(.)j^«^>'C"^%xc" (48) 

denote the inverse, depending holomorphically on z. 

Working in a small neighborhood of zq disjoint from (t(P)\{2;o}, we 
apply the following standard computations and arguments ( |16l I27j ) 
where the first formula is already in (4.6): 

P{z)-^ = E{z) - E+{z)E.+ {z)-^E.{z), 

P~^d,P = E{z)d,P - E+{z)E,+{z)-^E^{z)d,P, 

writing d = dz = d/dz. Here the first term to the right is holomorphic 
and the second term is of finite rank with a finite pole at z = zq. Let 
7 be the oriented boundary of the open disc D{zQ,e) with center zq 
and with radius e > small enough. Integrating along 7, we get 

— / P'^dzPdz = — ^— I E+E-iE.dPdz. 

The integrand to the right is of trace class, so the the left hand side 
is of trace class and we get 

tr — / p-^dPdz = — 3- / iiE+E-iE^dPdz. (4.9) 

The relation SV = 1 implies 

E.P + E^+R+ = 0, E^R^ = 1, (4.10) 
and differentiating the relation V£ = 1 gives 

{dP)E+ + PdE+ + R-dE-+ = 0. (4.11) 
Combining this with the cyclicity of the trace, we have 
-ivE+EzXE_dP = -iv EzXE^{dP)E+ 

= ti EzXE^PdE+ + trEzlE^R^dE^^ 
= -ii Ez\E^+R+dE^ + tr ^1^9^.+ 
= -ii R+dE+ + trEzldE^+. 

The first term in the last expression vanishes since R^dE^ = 
d{R+E+) = (9(1) = 0, so K^ becomes 



tr — / P{zy^dP{z)dz = — [ tiEzldE^+dz 



— var arg (In det |_) = m{zo,det E. 



14 



where m{zo, det E |_) denotes the multipUcity of zq as a zero of det E \-{z). 



Remark 4.2 From the cychcity of the trace in the beginning of the 
calculations we see that J^{dzP)P~^dz is of trace class and has the 
same trace as f P~^dzPdz. 

A more elegant presentation of the above discussion could be based 
on dOl ): 



^ * IJ \0 E. 
which at least formally leads to 

= tr /" V-^dVdz = tr f A'^dAdz + tr /" B~^dBdz 

(4.13) 

tr / p-^dPdz -ti I E-\dE_+dz. 



Definition 4.3 By det P = detn P we denote any holomorphic func- 
tion f on with /~^(0) = for which 

m{zo, /) = tr / P{zy^dP{z)dz, for all zq G a{P). 

JdD{zo,r) 

(4.14) 

Here r > is small enough so that cr{P) D D{zq, r) = {zq}. 

By Mittag-Leffler's theorem such a holomorphic function exists and it 
is clearly unique up to a non-vanishing holomorphic factor. 

Proposition 4.4 Let 0, 3 z Q{z) G £(^21^3) have the same 
general properties as P{z). Then 

det(Q(z)P(z)) = (det Q(z))(det P{z)). (4.15) 

Proof. We clearly have 

a{QP) = a{Q)[Ja{P) 

as sets, and we have to prove that 

m{zQ, det((5P)) = m(zo, det P) + m(zo, det Q), (4.16) 

for every zq G fi, where m(zo,detP) is defined to be zero when z ^ 
(t{P) and otherwise as in (4.14). 

Let zo S (y{P) U a{Q) and let zq ^ z ^ neigh (zq). We have at z, 

{QP)-^d{QP) = p-^Q-\dQ)P + p-^dP. (4.17) 
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Here the first term to the right needs to be transformed. For each of 
the operators A = P~^, B = Q^^(dQ)P we make a decomposition 
A = Ahoi + ^sing where ^hoi is holomorphic in a full neighborhood of 
zq and j4sing has a pole at zq but is of finite rank and hence of trace 
class. Now write 

AB - BA =(y4hol^hol - ^hol^hol) + (^hol^sing - -Bsing^hol) 

~l~ (^sing-^hol -^hol^sing) ~l~ (^sing-^sing -^sing^sing) • 

(4.18) 

The first term to the right is holomorphic near zq, while the other 
three are of trace class with vanishing trace. Thus if 7 = dD{zQ,r) 
with < r small enough, J^(AB — BA)dz is of trace class and with 
trace 0. 

Applying this to the first term to the right in (4.17), we see that 

/ {p-^Q-\dQ)P-Q-^dQ)dz 

is of trace class and has trace 0. It follows that (27ri)~^ P^^Q^^{dQ)P' 
is of trace class and has the same trace as {2Tri)~^ j]^Q~~^dQdz and 
we get 

tr — [ {QPy^d{QP)dz = ti— [ Q-^dQdz + tr— [ p-^dPdz, 
2tti 2tti 21X1 

which amounts to (4.16). □ 



4.3 Extension to meromorphic families 

In this section we essentially follow [13j, see also [3]. Let Q be open 
and connected. Let 0, B z P{z) £ ^('^i)'^2) be meromorphic with 
the poles zi, 22, .... Here Hj are complex Hilbert spaces. 

Definition 4.5 We say that P{z) is a meromorphic Fredholm func- 
tion (or Fredholm family) if the following hold: 

• P{z) is Fredholm of index on 0,\ {zi, Z2, ■■} and bijective for at 
least one z in that set. 

• Let Zq be any pole and write the Laurent series at zq as 

No 

P{z) = ^(z - ZQ)-^Pj + B{z), z G neigh {zq), 
1 

with B(z) holomorphic. Then Pj are of finite rank (implying that 
B(z) is Fredholm of index zero for z ^ zq). Moreover, B{zo) is 
a Fredholm operator of index 0. 
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The motivation for introducing this class is that if Q{z) is a holo- 
morphic family of Fredholm operators on fi, bijective for at least one 
z G ri, then P{z) = Q{z)~^ is a meromorphic Fredholm function. 

If P^{z), j = 1,2 are meromorphic Fredholm families on Q, then 
P^{z)P'^{z) is also such a family. In fact, the first property in the 
definition is easy to verify and if zq is a pole for one or both factors, 
we write 

P^{z) = Y,{z-z,)-^Pl + B\z) 
1 

and check that 

N1+N2 

P\z)P\z)= {z-z,)-'^Pk + B{z) 

1 

where Pk are of finite rank and -6(2:0) = B^{zq)B'^{zq) + where K 
is of finite rank. 

We shall show that the class of meromorphic Fredholm functions on 
is closed under inversion and introduce the notion of meromorphic 
determinant for such families. The key will be a well chosen Grushin 
problem. 

We pause to recollect the condition for the well-posedness of a 
Grushin problem 

{Pu + R^u- = V, , ^ 

(4.19) 
R+u = v+, 

when P : Tii — t- 7^2 is a fixed Fredholm operator of index and 



R+ : Hi and R- : ^.2 are of rank A^. Since ( |4.19[ ) 

defines an operator 

of index 0, it is bijective precisely when it is injective, so it suffices to 



review when (4.19) is injective. The necessary and sufficent condition 
for that is 

I ^ ^' ^n = 0, (4.20) 

\pu(^n{R.) ^ ' 

where M indicates the null space and 7^ the range. Now let Pi^z^ be 
a meromorphic Fredholm function with a pole at zq. We look for R± 
as above (independent of z) such that the problem 

f (Ef°(^ - ^o)"^Pi + B{z))u + i?_n_ = V ^^ 21) 

1 Rj^u = u+ 
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is well posed for all z in a pointed neighborhood of zq. 

Since the Pj are finitely many operators of finite rank, we can 
choose i?+ with N large enough, so that 

^^■|Ar(i?+) = °' AA(i?+)cAA(S(^o))^. 

Then B{zo){M{R+)) is a closed subspace of "^^2 of codimension N, and 
we choose R- of rank N such that B{zo){M{R+)) n 7^(i^_) = i.e. 



n2 = B{zo){M{R+))(Bn{R-). 
Then the problem 

{B{zq)u + R-U- = V 
Rj^u = vj^ 



(4.22) 



is well-posed and we check that (4.21) has the same property. Indeed, 
P{z) = B{z) on J\f{R+) and hence this restriction is injective for z 
close to zq, and P{z){M{R+)) 7^(i^„) = ^2- 

Let us also analyze the structure of the solution operator to the 
problem (4.21). Let be a right inverse of ii+ so that a general 
u £ Til has the direct sum decomposition 

u = u + E+V+, u G M{R+), v+ e C^. (4.23) 



Then the second equation of (4.21 ) holds precisely when = Let 
n', n" be the projections on the first and second summands in the 
direct sum decomposition (4.22) and write "^2 B v = H'v + Il"v = 
v' + v". 



Since Pju' = 0, the first equation in (4.21) becomes 

B{z)u + R-U- = 



No 
1 



zo)-^PjE+v+ - B{z)E+v^ 



and we determine u' and u_ by applying 11' and 11" respectively, using 
that Ii'B{z\j^^^^^ = I{'B{zq\j^^^_^^ + 0{z-zo) is bijective: M{R+) ^ 

B{zo){M{R+)), that n"i?_ = R_ and that i?_ : ^ i?_(C^ 
bijective. If E^ is a left inverse of we get 



IS 



I\'B{z)u' 



No 

1 



zo)'^U'PjE+v+ - U'B{z)E+v^ 



{U'Biz] 



No 



-\v' - ^{z - zo)-m'PjE+v+ - U'B{z)E+v+), 
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and 



u- =E^U"{v - Y^{z - zo)-^PjE+v+ - B{z)E+v^ 
1 

- E-n"{B{z) - B{zq))u. 



As usual, we write the solution of (4.21) in the form 

{u = Ev + E^v^^ (4.24) 
1 n_ = E^v + E 

where "explicit" expressions for E, E. can be obtained from the above 
computations. We see that 

E{z) = {U'B{z)^^^^J-'U' (4.25) 

is a holomorphic family of Fredholm operators of index 0, while £'-|_(z), 
E^{z), E ^(z) are meromorphic operator valued functions with sin- 
gular terms of finite rank. In particular, E ^-{z) is a meromorphic 

function with values in the N x N matrices which is invertible for 

z ^ zq, so that detE |_ is meromorphic with a possible pole at zq 

and non- vanishing and holomorphic in a pointed neighborhood of that 
point. Thus Ez\. is also meromorphic and we conclude that 

P{z)-' = E{z) - E^iz)E.+iz)-'E^{z) 

is a meromorphic family of Fredholm operators near zq. Thus we get 

Proposition 4.6 // P{z) is a meromorphic Fredholm function, then 
P{z)^^ has the same property. 



When R± are independent of z and V = [ ^jf^ ^ ) = T-ii x 



We shall next extend the discussion of determinants in Subsection l4.2[ 

P{z) R- 

R+ 

; E 

E^ E^ 



E E 

T-L2 X is bijective with inverse £ = [ ^ ) , we notice that 



EdP 
E-dP 



In the case of our special problem (4.21), E{z) is given in (4.25) and 
the non-holomorphic part of EdP is 

No 

^n'^^^)|Ar(i?+))"'n'5^£(^-^0)-^P,) 
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which is of finite rank and with the same trace as 

No 



This operator vanishes, since ^ = 0- Thus j^V~^dVdz and 

J^EdPdz are of trace class and have the trace if 7 = D{zQ,r) for 
< r < 1. 



As in and around (4.9) we now get 

tr — / P~^dPdz = -tr — / E+p-lE^dPdz 

1 f ^ 1 



tr / EZidE^+dz, 

2TTi 



leading to 



tr — / p-^dPdz = m(zo,detE-+), (4.26) 



where the integer m{zo, det E |_) is the order of zq as a zero of det E |_ 

when the latter function is holomorphic near zq and when det E |_ has 

a pole at zq, then —m{zQ, det E |_) is the order of that pole. 

Note for future reference that 

p-^dP = a + b, (4.27) 

where a is holomorphic near zq and b is of finite rank and 

tTb = tr{EzldE^+). (4.28) 



We emphasize that in view of (4.26), (27ri)^"'^tr P~^dPdz is an 
integer, and we can then give the following extension to meromorphic 
families of the notion of determinant: 

Definition 4.7 Let 0, 3 z t-^ P{z) £ ^('^15^2) be a meromorphic 
Fredholm function with the poles zi,Z2,..-- By detP = det^ P we 
denote any meromorphic function f[z) which is a determinant for P 
onQ\ {zi,Z2,-..} in the sense of Definition 4-3, such that for every 
pole Zj of P, we have 

tr— / P{z)-^dP{z)dz = m{zj,f) 

2m jQD(z,,r) 

when r > is small enough. 



Observe that Proposition 4.4 and its proof extend to the case of mero- 
morphic Fredholm functions. 
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4.4 Determinants via traces 



If "H is a complex Hilbert space and P = P{z) G C{T-L,'H) is a trace 
class perturbation of the identity, depending liolomorphically on the 
complex parameter z, we can define D{z) = IndetP(z) and we have 

^B(.) = t,.F(.)-'f, (4,29) 

at the points where P is bijective. Now even when P is not a trace 
class perturbation of the identity, it may happen that P~^^ is of 
trace class, and we can now consider the case when P{z) £ C{'Hi,'H2) 
for different complex Hilbert spaces Hi, 'H2- By integration of ( 4.29| ), 
we may then say that D{z) is well-defined up to a constant as a pos- 
sibly multivalued function on every connected component of the open 
set where P{z) is invertible. If P^^^ is not of trace class we may 
differentiate further and hope to reach an expression which is of trace 
class. Then we would be able to define D{z) up to a polynomial. In 
this section we carry out such a scheme. The idea of reaching trace 
class operators by means of differentiation in connection with deter- 
minants has been used by G. Carron [5]. 

Let $1 C C be open and connected, let Tij, j = 1, 2, 3 be complex 
Hilbert spaces. Let S = C be discrete and let \ S 3 

z I— )• P{z) £ £(7^1,^2) be holomorphic and pointwise bijective. Let 
Cp = Cp{Hi,'H2) denote the Schatten class of index p G [1, +00] (see 
for instance ^]). Assume that for some p € [l,+oo[, 

d^Piz) G C„,ax(i,p/fc), 1 < G N, (4.30) 

locally uniformly on 0. By the Cauchy inequalities, it suffices to check 
this for k < N, where A'^ = N{p) is the smallest integer > p. 

Recall that Cp increases with p and that if C G Cp{'Hi,'H2) and 
D G Cq{n2,n3), then DC G aC^i.-^a) with i = min(l, i + i). (See 
|12j . Proposition 7.2.) In the following, we shall think of bounded 
operators as being of order = and of elements in Cp as being of 
order = — 1/p. In all cases we restrict here the order to the interval 
[—1,0] and then orders are additive under composition: ord (Z^C) = 
max(— 1, ord (D) + ord (C)). (We adopt the convention that the order 
is not unique; if C is of order a and a < /3 < 0, then C is also of order 
/3.) 

We also notice that P{z) ^ satisfies (4.30). 
On the set \ S(P), we check that 

di'HPi^r'd.Pi^)) e C'^ax(l,H), j > 1, (4.31) 



i.e. of order = max(— 1, —p)- Thus, for p < j G N, we can define 

Dpj{z)=tT{di-\P{zr^d,P{z))), z G 1^\S(P). (4.32) 
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Clearly, 

dzDpj{z) = Dpj+i{z). 

We can now define the determinant of P{z). At the end of the section 
we show that this new notion coincides with the one for meromorphic 
families of Fredholm operators of the preceding subsection. 

Definition 4.8 Let N = N{p) be the smallest integer > p. We define 
Dp{z) = lndetP(2;) to he any multivalued holomorphic function on 
^} \ which solves the equation 

d^Dp{z) = iT{d^-\P{z)-'d.P{z))). (4.33) 

Thus Dp{z) is well defined (on the universal covering space of Q\ 
S(P) ) up to a polynomial of degree N — 1. 

Let 9 2; I—)- Q{z) G £(7^2,^3) be a second family with the same 
general properties as P{z) and for simplicity with the same p in (the 
analogue of) (4.30). Then Q{z)P{z) fulfills the same assumptions and 
we next check the additivity property 

IndetPQ = IndetP + lndetQ, on J7 \ (S(P) + S(Q)), (4.34) 

i.e. 

— j lndetPQ=(— j lndetP+(— j IndetQ, (4.35) 

when is the smallest integer > p. 

When p = 1 = N , this is straight forward: 

^ In det PQ = tr {PQ)-^^ {PQ) 
dz dz 

= tr Q-ip-i^Q + tr Q-ip-ip^ (4.36) 
dz dz 

= trQ-ip-i^Q + trQ-i^. 

dz dz 



Here we use the cyclicity of the trace to see that the fi rst te rm in 

dP_ 
dz 



the last expression is equal to trP and we thus get (4.35) when 



= 1. 

Recall that the cyclicity of the trace says that tr {P1P2 — P2P1) = 0, 
when Pi G Cp,{'Hi,'H2), P2 G Cp^{'H2,'Hi) and 1 = l/pi + l/p2. 

Lemma 4.9 Let Pi{z) G £(7^1,-^2) and P2{z) £ C{n2,'Hi) depend 
holomorphically on z £ VL. Then ^{PiP2 — -P2-P1) is a sum of terms 
of the form Q1Q2 — Q2Q\- More precisely, 

{P1P2 - P2P1)' = [P[P2 - P2P[] + [P1P2 - P2P1], 

where we indicate derivatives with a prime. 
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Iterating the lemma we see that (^) {P1P2 — P2P1) is a linear 
combination of terms of the form Q1Q2 — Q2Q1, with Qj = d^^ Pj, 
Ni + N2 = N. 



Now return to (4.36), or rather the last two equations there that 
are valid without traces, and write 

Q-'P-'^Q = P-'T + (^1^2 - P2P1I 
az az 

with Pi = Q'^P'^'^, P2 = Q- The lemma shows that 

dz) dz^^ ^dz^ ( ) ~'~ 

a linear combination of terms of the form Q1Q2 — Q2Q1 

with ord (Qj) < max ( -1, ) , Ni+N2 = N. 



The cyclicity of the trace then implies that 

i j i ^ dz^ ) i j i dz 



and we obtain (4.35) for a general N. 

As in the case of meromorphic families of Fredholm operators, if 
zq E S(P) and 7 = dD(zo,r) with r > small enough, J^P~^dPdz 
is of trace class: 



Proposition 4.10 With P, p, N = N{p) as in Definition \4-^ let 
Zq G 7 = dD(zQ,r) with r > small enough, so that D{zQ,r) n 

= {zq}. Then J^P^^dPdz is of trace class and we have 



tr — / p-^dPdz = tT— [ [ ""^^ \ ^-^ip-^dP)dz 

1 /■(-^) 



(4-37) 



2m J {N 



Dp^N{z)dz, 



where z^-^/{N - 1)! can be replaced by any other polynomial p{z) 
such that d^^^p{z) = 1 

Proof. The second equality follows by moving the trace inside the in- 
tegral and recalling the definition of -Dp, at. The first equality and the 
fact that P~^dPdz is of trace class, follows from the corresponding 
stronger equality without "tr" in front which can be obtained by in- 
tegration by parts. □ 
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Now, assume in addition that 0, is simply connected and that P is 



a meromorphic Fredholm function on ft in the sense of Definition 4.5 
Then we know that 

tr / p-^dPdz = m{zo, f) £ Z, (4.38) 
where / denotes the meromorphic Fredholm determinant of Definition 



4.7 On the other hand, we can do integrations by parts in the last 



expression in (4.37) and obtain 



tr — / p-^dPdz = — I dzDp(z)dz, (4.39) 
2m J 2m J 



which, combined with (4.38), says that 

var^Dp = 2mm{zo,f) G 2mZ (4.40) 

and hence e^^ and its logarithmic derivative dDp are single- valued 
holomorphic functions on \ S. 
So far, this only shows that 

oo 

Dp = ^(z - zo)~^aj + m{zo, f) ln{z - zq) + g{z), 
1 

where g is holomorphic, so e^^ = e^+^"^(^"^o) \z — 2;g)'"(^o,/) j^^y 
have a bad singularity at zq. We therefore return to the Grushin 
problem in Subsection 4.3, The remark (4.27), ( |4.28| ) shows that 



tr d^~^P~^dP = tr {d^~^a) + d^'hi {Ez\E^ 



where E |_ is a meromorphic finite matrix and tr {d^ ^a) is holomor- 
phic in a full neighborhood of zq. Consequently, 

dDp = tr {Ez\Ez\) + holomorphic 

which rules out the bad singularity and we see that e^P = e^{z - 
2;q)"^(2o,/ near zq. Globally e^^*-^) is indeed a determinant in the sense 
of Definition mil 



Proposition 4.11 Let P{z) he a holomorphic family on \ S as in 
the beginning of this section and assume in addition that Vt is simply 
connected and that P is a meromorphic Fredholm function on Q. Then 
the determinants detP(2;) in the sense of Definition 4-8 and in the 
sense of Definition \4-'A coincide up to a non-vanishing holomorphic 
factor. 



24 



5 Complex dilations 

5.1 Complex dilations and symmetry 

We start by reviewing some easy facts for complex distortions (see 
[22} [23l [25l [26]) and we shall pay a special attention to sym- 
metry with respect to the natural bilinear form. Let T C C" be 
a simply connected maximally totally real smooth sub-manifold and 
let P = E|a|<ma"^"' where a„ G C7°°(r). If u G C°°(r), we put 
Pu = (Pm)|^, where P = '^UaD"' and Oq,, n are almost holomorphic 
extensions of Oq, ti to a neighborhood of T. 

If = X^(— -D)" o Cq, is the formal transpose of P, we can define 
P^u G C"^(r) for u E C~(r) as above and if we define 



{u\v)r = J u{x)v{x)dxi A ... A dxn = J u{x)v{x)dx, u,vEC^{T), 

(5.1) 

we get from Stokes' formula that 

{Pu\v)r = {u\P^v)r. 

Now, let r C C" be a second maximally totally real smooth man- 
ifold and let 7 : r — )• r be a smooth diffeomorphism. (For instance, 
r can be an open subset of R" and 7 a "parametrization" of F.) We 
can then define _ 



where 7(2/) = (7i(y), ...,7n(2/)) is an almost holomorphic extension of 
J = (71, ...,^„). Let / G C°°(f ) and define U : (:7°°(F) ^ C7°^(f ) by 

C/n(2/) = /(y)n(7(y)), E Co~(F). (5.3) 

Uu,v£ C^(F), we get 

{Uu\Uv)f. = l^u{j{y))v{^{y))f{yfdy, 

{u\v)r = j^u{x)v{x)dx = j^u{j (y)) v {j (y)) det dy. 

Choose / = (detg)V2 for some fixed continuous branch of the 
square root (assuming for simplicity that F is simply connected). Then 

{Uu\Uv)f. = {u\v)r, (5.4) 

so U is orthogonal, 

= U~^. (5.5) 
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As usual, this imples that the operations of conjugation with U and 
transposition commute: If P is as above and we define the puh-back 
P = U o P oU-^ = U o P oU\ then 

pt = UP^U\ (5.6) 

Let now F C R". We can use U to define an L^-inner product on 
C^{T) by putting 

{u\v) = {u\v)t = {Uu\Uv)^2^fy (5.7) 

which is the inner product that makes U formaUy unitary. More ex- 
plicitly, 

[u\v) = J^u{'y{y))v{'j{y))\ det ^\dy = J u{x)v{x)e{x)dx, (5.8) 



where 



\detf\ 
= ^^^^ ^ x = -fiy), 



dy 

is the unique unimodular factor for which 6{x)dx is a positive density 
on r (and in particular independent of the parametrization 7). 
We have 

{u\v) = {u\Cv)r, u,v€C^(T), (5.9) 

where C is the antilinear involution defined hy Cv = 9v. The formal 
adjoint of P for our scalar product on F is given by 

P* = C-^P^C = CP^C. (5.10) 

5.2 Dilations and convex sets 

Let 

P = -h'^ + V{x), yGL^^p(R'^;R). (5.11) 

Let first / : R" — )• R be smooth, = near supp V and equal to 
(tan^) *^"^^^ for large where dQ{x) = \x\ and < < 7r/2. Then we 
consider the m.t.r. manifold F = Fj of C", given by 

x = y + if{y),y£B.^. (5.12) 

(See p!?] for a quick review in the semi-classical case.) The bijectivity 
of the complex Jacobian map g| = 1 + if"{y) implies indeed that Tf 
is maximally totally real. Pp can be computed in the parametrization 



(5.12) using the formal chain rule: 



|^(i + i/"te))(^),J^^(i + w(| 
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and hence away from the support of V we get 
which has the semi-classical principal symbol 

((1 + ir{y)r'vf = ((1 + ir{y))-\ v)- (5.14) 

Here (, ) denotes the bilinear scalar product on R" and also its bilinear 
extension to C". Since r] is real in (5.14), we can write this symbol as 

{{l + if"{y))-^v\ri), 

where (-1 • •) is the usual sesquilinear scalar product on C". 

For large y, we have f"{y) = (tan^)l and here it is convenient 
to use the equivalent parametrization x = e*^y, where y,y ^ R" are 
related by y = {cos 9)y, and get 

Pr = e-^'^^i-h^Ay). (5.15) 

In general we assume 

f"{y) > 0, (5.16) 

and we shall study the inverse of {l + if"{y) f = I - f"{y f + 2if"{y). 
If C is a complex n x n matrix, define as usual 

^C=-(C + C*), QC= -{C- C*). 
2 2i 



Proposition 5.1 // C = (1 + if"{y))'^ for some fixed y G R", then 
under the assumption (5.16), we have 

1) < 0. 

2) We have 9C"^ < (i.e. C^^ is negative definite) iff f"{y) > 0. 

3) The symbol (C^^r/|r/), 7] G R" is elliptic: \{C~^rj\r]) x |r/p and 
takes its values in a sector — vr + e < a.\:g{Cri\r]) < for some 
e > 0. 

4 ) When f"{y) > it take its values in a sector — vr+e < arg {Crj\r]) < 
—e. 

Proof. We already know that C : C" — >■ C" is bijective and a direct 
calculation shows that 

QC-^ = -C*~\^C)C~^ = -2C*'^f"{y)C-\ (5.17) 
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^ c*-\^C)C-^ = C*'\l - f"iyf)C-\ (5.18) 



1) and 2) follow from ( [5l7| ). 
Now look at 

{C-^r]\ri) = {{^C)C-^ri\C-^ri) - i((9C)C-\|C-^?7). (5.19) 

If the imaginary part of this expression (i.e. the last term) is zero, then 
since 9C > 0, we conclude that (5C)(C-^7?) = 0, i.e. f"{y)C-^j] = 0. 



For such an rj the real part of (5.19) becomes ((3f?C)C ^?7|C ^77) = 
((1 - f"{y?)C-^r]\C-^r]) = ||C-X^ 3) and 4) follow. □ 

The proposition shows that is elliptic in the classical sense. 
Defining the Sobolev spaces H^{r) in the usual way and equipping 
with the domain H'^iV), we see that the essential spectrum of is the 
half-line e-2*''[0, +00 [. As explained for instance in t22ll23l[21E3l2S|, 
Pr has no spectrum in the open upper half-plane and the eigenvalues 
in the sector e~*['''^[]0, -|-oo[ are precisely the resonances of P there. 
(For a more complete discussion and further references, see |22l [23l 

[2a [251 Eg.) 

Let O (E R" be open with smooth boundary and strictly convex. 
Then d{x) := dist (x, O) is smooth on R" \ O and we have 

5°((i-do) = 0((x)"l"l). (5.20) 

Now assume that 

suppFcO. (5.21) 
Outside O we look for / of the form 

f{x)=g{d{x)), (5.22) 

where g G C°°(R;R) vanishes on the negative half-axis. Then 

f\x) = 9'{d{x))d'{x), fix) = g'{d{x))d"{x)+g"{d{x))d'{x)^d'{x). 

(5.23) 

Here d'{x) can be identified with the exterior normal z^(7r(x)) at the 
projection tt{x) G dO of x. When x ^ dO we also have d'{x) = 
(x — 7r(x))/|x — 7r(x)|. It is further wellknown that d"{x) is positive 



semi-definite with null-space Rd'(x). Thus we see from (5.23) that 
f"{x) > when g', g" > and we have f"{x) > when g', g" > 0. 

Introduce geodesic coordinates: Let Vt ^ z' ^ x'{z') E dO be a 
local parametrization of the boundary, where is some open set in 
R"-^ Then we have local (geodesic) coordinates {z',Zn) G J^x] — 
e, -|-oo[ on R", given by 

x = xiz') + Zni'ix{z')). (5.24) 
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In these coordinates, if / is as in (5.22), then T = Fj is obtained by 
letting Zfi become complex: 

z' = y', Zn = jiVn), liVn) ■= Vn + ig'iVn)- (5.25) 

We have (see for instance [231IMI25]): 

P = + R{z, ) + a(z)5,„ , (5.26) 

where 

R{z, D,>) = R{z\ 0, D,,) - ZnQ{z, Dy), (5.27) 

and R, Q are elliptic second order differential operators with positive 
principal symbols: 

r{z,C'),q{z,C') >0. (5.28) 

The coefficients are analytic in z„ and smooth in z. In the parametriza- 
tion (5.25) for F, we get 

^ ^^"^ ^ (5.29) 

- liyn)Q{y',liyn); Dy,) + a{y',-i{y))— — rdy„. 

7 \yn) 

This formula remains valid if we make a real change of variables in y„ 
in order to normalize j'{yn)- 

If we choose g so that g{d) = {tan6)cf for large d > vq > 0, 
then as we have seen, /" > in the the corresponding region. Let 
X £ C'o°(R"; [0,1]) be equal to one in a neighborhood of an d put 
d = dR = x{x/R)d{x) + {l^- x{x/R))do{x). Then we stiU have ( |5.20[) 
if we replace d or do with d and from this it follows that / := (tan 9)d^ 
satisfies f"{x) > for d{x) > ro, provided that i? S> 0. Summing up 
we have 

Proposition 5.2 Let f{x) = g{d) with g as above and assume that 
g'{d) > 0, g"{d) > for d > ro/2 where rg > 0. Then we can find 
f = f{x) smooth and real-valued such that 

. fix) = g{d) for d < ro/2 > 0, 

• f{x) = (tan 6')(io(x)^/2 near infinity, 

• f"{x) > for d{x) > ro/2. 

To study the resonances for the exterior Dirichlet problem in R"\C' 
one may use complex scaling with a contour 



ext,/ 



y + ^/'(y), yeR"\o, (5.30) 
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where / G C°°(R"\C') vanishes on dO, f" > away from dO, f{x) = 
{tan 6) do (x)'^ / 2 near infinity. One then considers the restriction Pgxt 
of —h'^A to this contour with domain n ffg (Fext) and the exterior 
Dirichlet resonances in the sector e"*!*^'^^! coincide with the eigenvalues 
of this operator. (See [231 EH ES] and references cited there.) A 
convenient choice of / near dO is /(x) = {tan6)d{x)'^ /2 and according 
to [Hj we know that = 7r/3 is in some sense the optimal choice. 
In our case it will be convenient to use a Lipschitz contour: 



in O 

(tan 61) near dO in R" \ O, 



/(^) = r, ..di.f .... (5-31) 



and as above further away from O. Then / is of class C^'^ and smooth 
away from dO. Consequently, F = is a Lipschitz manifold, smooth 
away from dO and is naturally decomposed into the interior part O 
and and exterior part; ^f,ext- Again, we can define Pr as P^^ with the 
appropriate continuity conditions at dO: 

V{Pr) = {u = Uo+ Uext; Uo £ H'^iO), Uext G //^(r/,cxt), 

(5.32) 

Uo = liext, duuo = duUext on dO} , 

where u is the exterior unit normal to O. (On the exterior part we 
identify with {du)rc^t-) follows from Stokes' formula that Pr is 
symmetric. 

Near a point xq G dO, the problem 

{P - z)uo = vo, 

{P - z)Uext = Vext, 
-fuo - 7next = Vq, 

can be viewed as an elliptic boundary value problem for an operator 
with matrix valued symbol (after a reflexion so that we consider uq 
and Uext to live on the same side of the boundary). Here we take 
V. to be in in a neighborhood of xq and make the same starting 
assumption about uq and Uext- Then if vq G H^^'^, vi G H^^'^, the 
standard theory tells us that the traces are well-defined and that uq 
and Ucxt actually belong to the spaces H'^{0), ff^(R"\C') respectively. 
Away from the boundary, the usual arguments of complex scaling 
apply, and we see that P — z : T>{P) — t- is a holomorphic family of 
Fredholm operators of index 0, when z G C \ e~^*^[0, +oo[. 

Proposition 5.3 Let F he the singular contour above. The spectrum 
of P = Pp in the sector e~*['^'^^l]0, -|-oo[ coincides with the set of reso- 
nances for P there. 
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We have already recalled that the proposition holds when F is 
a smooth contour, of the same form near infinity. We also recall 
(ISa Ea [211 ESI [26], [IT]), that one can show directly, using a result 
on holomorphic extension of null solutions to non-characteristic equa- 
tions, that Pn and have the same spectrum if Fi and F2 are two 
smooth contours as above, which coincide near infinity. 

The new part of the proof in the case of singular contours will be 
to show how to extend null-solutions holomorphically near the singu- 
lar part of F, i.e. near dO and in order to do so we need to study 
holomorphic extensions of the resolvent kernel. Since we are not in- 
terested here in how the estimates depend on /i, we will take h = 1 
for simplicity. 

We first consider the free resolvent Rq{z) = (—A — z)^^ on R" 
for 9z > 0. The distribution kernel is of the form RQ{z){x,y) = 
Rq{z){x — y), where 

Ro{z){x) = -i- / e"-«-^de (5.34) 



As already mentioned, Ro{z) extends holomorphically as an operator 
C^(R"') — ^ C°^(R") across ]0, +oo[ to the double and universal cov- 
erings of C \ {0}, when n is odd and even respectively. Moreover, for 
X in any compact subset of R" and for z in any compact subset of the 
covering space, there exists a constant C > such that 



\Mz)[x)\ < I 



C(l + |ln|rc| 
[C|x|2-«, 



n = 1 
n = 2, 
n > 3, 



(5.35) 



C, 



n = 1, 
n > 2. 



(5.36) 



\^C\x\^-'', 

More precise results are known of course, see for instance p9], but 



we have a quick proof of (5.35), (5.36) by noticing that we can make 



an x-dependent complex deformation in the integral (5.34) for large x 
and obtain 



Ro{z){x) 
VRoiz){x) 



0{l) + 
0(1) + 



iei>i 



0(l)e- 



iei>i 



0(l)e- 



-\m/c 



and treating the gradient estimate for n = 1 separately. 

Finally, Ro{z) is rotation invariant; Ro{z){Ux) = Ro{z){x) if U : 
R" — )• R" is orthogonal. See Section 2 of [18] as well as further refer- 



ences given there. As explained in that reference, (5.34) remains valid 



31 



also for z in the covering space, we just have to make a complex defor- 
mation of the integration contour in a region where is bounded, in 
order to avoid the zeros ^ — z and this has no importance for the lo- 
cal properties of x i— )• Ri^{z){x) while it does influence the exponential 
decay or increase near infinity. 



We now want to extend (5.34) holomorphically with respect to 



X. The very first observation is that if G R*^ \ {0} then Ih:){^z)(x) 
extends holomorphically in x to small neighborhood of xq, by making 



the small complex deformation of the integration contour in (5.34) 
already alluded to. 

More generally, assume that x G C" and that x ■ x ^ 0. Write x = 
(x ■ x)^^'^fi for some branch of the square root. Then /i • /i = 1 and we 
can find vectors /2, /n £ such that /i, /n is an orthonormal 
basis for the bilinear symmetric product x-y: fj-fk = 5j,k- Let ei, e„ 
be the canonical basis in R"- and define the complex orthogonal map 
[/ : C" ^ C" by 

Uej = fj. (5.37) 

Let uj = {{x ■ x)/\x ■ xl)^/^ with the same branch of the square root as 
above. Then x = u}Uy, where y = \x ■ x\^l'^e\ € R" and y ■ y = \x ■ x\. 
At least formally, we have 

Ro{z){x) =: I{x,z) = [ e-<-^J^ = [ e^^^'^- ' 



^2 - z (27r)" J ^2 _ ^ (27r)' 



Choose the integration contour ^ = a; ^Ur], rj £ R". Then 
d we get 

1 di] If i^.r, 1 dri 



Lo ^dr], = UJ '^•rf' and we get 



Hx, z) 



Lo-'^T]'^ - zuj'"-{2it)'^ lu'''-"^ J 772 - a;2z (27r)" ' 
so at least formally, we have 

1 

,2-n T/„. , ,2^\ , , _ / X ■ X \^ _ _ , ,2„ 



I(x, z) = CO "'I(y, UJ z), UJ = { r , y G R", X ■ X = UJ y ■ y. 

\\x ■ x\J 

(5.38) 

We can use this formula together with the the initial remark about 
holomorphic extentions to small neighborhoods of real points to define 
the desired holomorphic extension of I(x, z) from R" \ {0}. Naturally 
this will give rise to a ramified (multivalued) function and in order to 
get some more understanding, let [0,1] 3 t ^ xt G C" be a continuous 
map starting at a real point xq G R" \ {0} and ending at some given 
point x G C" with x ■ x ^ such that xt ■ Xt for all t. Then we 
can choose U = Ut depending continuously on t with Uq = 1. If we 
have choosen a branch of I{y, z) for real y, then we get the branch 

I{x,z) = u}l''"-I{y,u)lz), 
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obtained by following the curve [0,1] 3 t ^ u^z from z to Lofz. We 
conclude that z) is a well-defined multivalued holomorphic func- 
tion oi X G {w G C"; w-w ^ 0} and z in the double/universal covering 
space of C \ {0}. Moreover for {x,z) in any fixed compact subset of 



the above domain of definition, we still have (5.35), (5.36). 



Now we observe that the singular contour T in Proposition 5.3 



IS 



where 



of the form F = Fj: x = y + if (y), where / is real- valued of class 
C"^'^(R") which is convex and f{y) = {tan 6) do (y)"^ / 2 near infinity. If 
~ Vj + ^fiVj)-! J = 0) 1 3-^6 two different points on Fj, then 

f'{yi) - fivo) = A{yo,yi){yi - yo), 

Myo,yi) = [ f'ityi + (1 - t)yo)dt > 0, 
Jo 

and 

(2;i-xo)-(xi-xo) = [{l-A{yi,yof) + 2iA{yo,yi)]{yi-yo)-{yi-yo). 

The same argument as for the ellipticity of — Ap^ shows that 

Tf xTf B {xq, xi) 1-^ (xi - xo) ■ (xi - xo) 

takes its values in a sector e*['^''^~'^] [0, -|-oo[ and that 

|(xi - Xo) • (xi - xo)| X |xi - xo|^, xo,xi G Tf. 

Combining these facts with the deformation [0, 1] 3 t Ttj from 
R" to Tf, we see that Ro{z){x,y) = Rq{z){x — y) is welldefined on 
T f xT f away from the diagonal, and we can define 

iio,rw(x) = j Ro{z){x,y)u{y)dy, x G F/, u£ Co{T), F = Tf. 

This gives a continuous operator Co{T) — )• C(F). Let Pq = —A. Using 
that 

(-A^ - z)Ro{z){x,y) = (-A* - z)Roiz){x,y) = 0, x / y, 

as well as the bound on the strength of the singularity at x = y 
described in (5.35), (5.36), we see that in the case when / is smooth, 
we have, 

(Po,r - z)Ro,r{z)v{x) = C{x,f)v{x) 
Ro,riz)iPo,r - z)u{x) = C{xJ)u{x) 
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for X £ r, u,v £ C^(r). It is further clear that C{x,f), C{x,f) 
only depend on the restriction of / to a small neighborhood of ^x, 
so we can replace / be a new function / which is equal to / near 
with /" varying very little and being constant near infinity. We can 
then determine the constants by letting v, uhe suitable Gaussians and 
possibly after an additional deformation argument, we get C{x,f) = 
C{x, f) = 1. Thus 

(Po,r - z)Ro,t{z)v = V, (5.39) 
RoAz)iPo,r - z)u = u, (5.40) 



when u,v G 



(r), r = and / is smooth. To extend this to the 
general case when / is a convex C^'^ function would require first to 
define the operator Por, and we prefer to avoid that work and just 



consider the case of the special singular contour in Proposition 5.3 



Then for v G Co{T) (5.39) still holds as we see first for x away from 



do and by using the continuity of the two members we get it also on 
that boundary. 

We also remark that if v £ Co(r), then u := i?o,r^ is of class 
up to the boundary both on O and on Text- and we have 



ext' 



(5.41) 



Using now that (5.33) is an elliptic boundary value problem, we see 



that Ro,rv belongs locally to P(Pr) and this holds more generally for 

V e ^comp(r). 

If u £ C'o(r) and uq and Uext are up to the boundary and 



satisfy (5.41), then we can make integrations by parts in 



z)u{x) = / Ro{z){x,y){-Ar - z)u{y)dy 



Ro,r{Po,r 



after introducing a cutoff around the singularity and passing to the 



limit and get (5.40) as in the case when / is smooth, that we still 



have (5.40). By density this extends to the case when u G 'D{Py) has 
compact support. 

We can now complete the proof of Proposition 5.3 Let F = be 



Fjbe 
: Pp in 



the singular contour in that proposition and let / be smooth, convex, 
= in O and = / outside a small neighborhood of O. Let F = 

the corresponding smooth contour, so that the spectrum of P 
the sector e~*t'''^^[]0, +oo[ coincides with the set of resonances there. 
As in [22], it suffices to show the following two facts: 

1) If n G P(Pr) and (i-*r — z)u = 0, then u has a holomorphic 
extension to a domain containing 



{y + ^{tny) + (1 - t)/(y)); f{y) / /(y), < t < i}, (5.42) 
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such that its restriction u to F belongs to V^P^) and satisfies 
(Pp - z)u = 0. 

2) If n G P(Pp) and (Pp — z)u = 0, then u has a holomorphic 
extension to a domain containing the set ( 5.42[ ) such that its 



restriction u to F belongs to P(Pr) and satisfies (Pp — z)u = 0. 

Let X G C^(R") be equal to one near supp (/ — /) and define the 
cutoffs X aiid X on r and on T respectively by 

x{y + if'iy)) = x{y + ifiv)) = x{y)- 

We first prove 1) and let u be as in that statement. Then 

{Pr-z)xu=[Pr,x]u, (5.43) 
where the right hand side h as its support in the region where F and 



r coincide. We can rewrite (5.43) as 



(Po,r - z)xu = [Pr, x]u - Vu (5.44) 



and Vu also has its support where T and F coincide. Applying (5.40) 
gives 

XU = Ra,v{z){[PT,x]u-Vu). (5.45) 
From the properties of Rq{z)^ we see that y u has a holomorphic exten- 



sion to a domain containing the set (5.42). Its restriction to F solves 
(Pp — z)5 = and u = urn. the regions where F and F coincide. From 
elliptic regularity we see that u is locally in and hence globally so 
u belongs to the domain of Pp. This proves 1). 

The proof of 2) works the same way with the small difference that 
instead of invoking the ellipticity of Pp on the smooth manifold F, we 



invoke the ellipticity of the boundary value problem (5.33). □ 



6 Semiclassical Sobolev spaces 

This section is a review of some easy facts about Sobolev spaces, see 
[I9l[20] for more details about the first part. We let i?^(R") C 5'(R"), 
s G R, denote the semiclassical Sobolev space of order s equipped 
with the norm ||(/iZ))**'u|| where the norms are the ones in L^, l"^ or 
the corresponding operator norms if nothing else is indicated. Here 

{hD) = (1 + (/lZ))2)l/2. 

Proposition 6.1 Let s > n/2. Then there exists a constant C = 
C{s) such that for all u,v € if^(R"), we have u G L°°(R"), uv G 
Hl{W) and 

\\u\\l°- < C/i""/2||m||h^, (6.1) 
WuvWh" < C/i~"/^||n||//HkllH=- (6.2) 



35 



Let X be a compact smooth manifold. We cover X by finitely 
many coordinate neighborhoods Xi , Xp and for each Xj , we let 
xi,...,Xn denote the corresponding local coordinates on Xj. Let < 
Xj G C^iXj) have the property that J2iXj >OonX. Define H^{X) 
to be the space of all ti G such that 

p 

hWh^ ■■= Yl WXjihDYxjuf < CO. (6.3) 
1 

It is standard to show that this definition does not depend on the 
choice of the coordinate neighborhoods or on Xj- With different 



choices of these quantities we get norms in (6.3) which are uniformly 
equivalent when /i — )■ 0. In fact, this follows from the /i-pseudodifferential 
calculus on manifolds with symbols in the Hormander space 'S'l^Q that 
we quickly reviewed in the appendix in [19]. An equivalent definition 
of Hl{X) is the following: Let 

h^R = Y,{hD^^yrj^k{x)hD,, (6.4) 

be a self-adjoint non-negative elliptic operator with smooth coefficients 
on X, where the star indicates that we take the adjoint with respect 
to some fixed positive smooth density on X. Then h?R is essentially 
self-adjoint with domain H'^{X), so (1 + h'^Rf/'^ : L"^ ^ L'^ is a closed 
densely defined operator for s E R, which is bounded precisely when 
s < 0. Standard methods allow to show that (1 + h^Ry/"^ is an h- 
pseudodifferential operator with symbol in S{ q and semiclassical prin- 
cipal symbol given by (1 + r(x, ^))*/^, where r(x,^) = ii.rj^k{x)^j^k 
is the semiclassical principal symbol of h^R. See the appendix in [19j . 
The /i-pseudodifferential calculus gives for every s S R: 

Proposition 6.2 H^{X) is the space of all u G V'^X) such that (1 + 
h^Rfl^u e L2 and the norm WuWh" is equivalent to ||(1 + h^RY''^u\\, 
uniformly when /i — )• 0. 



Remark 6.3 From the first definition we see that Proposition 6.1 
remains valid if we replace R" by a compact n-dimensional manifold 
X. 

Remark 6.4 We will also consider the case when the manifold X is 
the disjoint union of a compact part and R" \i?(0, R) for some > 0. 
The definition and properties of H^{X) are quite clear. 

Of course, Hf^{X) coincides with the standard Sobolev space Hl{X) 
and the norms are equivalent for each fixed value of h, but not uni- 
formly so with respect to h. We have the following variant ( [20j ) : 
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Proposition 6.5 Let s > n/2. Then there exists a constant C = 
Cs > such that 

\\uv\\h'^ < C\\u\\Hi\\v\\Hf^, Vw G i?*(R"), V G i^^(R"). (6.5) 

The result remains valid if we replace R" by X. 

Let (s R" be open with smooth boundary. Let H^{i}) denote 
the Banach space of restrictions to of elements in i7^(R"). It is 
a standard fact that if s > 1/2, then the restriction operator 7 : 

u I— 7- u^QQ is bounded: Hl{Q) ^ (dil). 7 has a right inverse 7"^ 

which is bounded ^^"^{d^i) — ^ Hl{Q) for all s G R. More generally, 
if s > 3/2, then 

(^jj ■■ Htm ^ Hr'^\dn) X Hr'^\dn) 

has a right inverse which is 0(1) : Hi X i^i" ^ iff for all 
s G R. Here v is the exterior unit normal and Di, = i'^d/dv. 

In the semi-classical case, we obtain from the same (standard) 
proofs that 

^ = Os{h-h:mm^Hl-^dn), s>l (6.6) 

has a right inverse such that 

j-^ = Oj{h^) : H^'^dn) ^ Hl{n), seK. (6.7) 
More generally, the operator 

(7/iJ ^ ^r^(^) X Hrhdn) 

has a right inverse which is C(/i^/^) : H^ x iJ^ — >■ i?^ for all 
s G R. 

The following observation can be turned into a proof by reduction 

to the standard non-semi-classical case: The change of variables x = 
hx transforms hD^ into and if u{x) = u{x), then 

Ihllif^(n) = h^\\u\\fjs(^h-'^Qy 
Similarly for functions on we have 

Il'"lli/^(af2) = h~\\u\\Hi{h-'>^dn)- 
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7 Reductions to O and to dO 



In this section, we let P = —h?A. + V and O be as in Subsection 5.2 
We choose the contour F as there, either singular or smooth. When 
r is smooth, the domain of Pr is the space Hf^{T), and when F has a 



singularity along the boundary of O, it is given by ( |5.32 ). (Later we 



shall also need to consider the case when F is constructed as in the 
preceeding section but with O replaced by a slightly larger set O with 
the same properties, containing an /i- neighborhood of C) By abuse 
of notation we sometimes write H'^{r) also for D(Pr)- 
The exterior Dirichlet problem is 

(P - z)u = v on Fext = F \ O, u^^^ = w, (7.1) 

for given w e L'^{r\0), w G H^/'^{dO) with the solution u in H'^{r\0). 
Here, 'ju = u\q^- The corresponding closed operator Pext has the 
domain P(Pext) = {u £ H^{T \ O); = 0}. The eigenvalues are 
the resonances for the exterior Dirichlet problem. We restrict the 
attention to the case when 1/2 < < 2, 9z > — c/i^/^, where c < 



2(1/2)^/^kCi. (Cf Theorem 2.1) When z (T(Pext), we can express 
the solution of ( |7.1| ) as 

u = Ge^t{z)v + Key±{z)w. (7.2) 

Put 

J^ey±W = -ihDyKcy±W, (7.3) 

where 7 is the operator of restriction to dO and v is the exterior unit 
normal. 

Definition 7.1 Po\it{z) is the operator —h'^A + V — z on O with do- 
main 

V{Pont{z)) = {u£ H\0); {-fhD, - A4xt7)^ = 0}. (7.4) 

Notice that the domain varies with z and this is why we avoid 
writing "Pout — -2" . In the first part of this section we shall show that 
2; is a resonance of P precisely when G Pout(-z); but for technical 
reasons we will prefer to work with the full problem, 

Poutiz)u = v, h2Bu = w, (7.5) 

where 

B = ^HD, - A4xt7 : H\0) ^ H^'\dO) (7.6) 
It is easy to check that this is an elliptic boundary value problem in 



the classical sense. (The semi-classical structure of Next and of (7.5) 
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will require more work below.) The well-posedness of (7.5 ) is of course 
equivalent to the bijectivity of 

Vont{z) = (^1^) : H\0) ^ H\0) X m{dO). (7.7) 

Here and below we sometimes write H" instead of Hf^. 
In the following we impose the condition 



< h'^'^co, ]^<^z<2 (7.8) 



with Co as in (3.1 ), so that the exterior Dirichlet problem is well-posed. 
(We could here drop the upper bound on Qz.) 

Under the condition (7.8) we shall show that Vout{z) and — z 
are "equivalent", and to do so we shall see that Pout(-z) appears as 
the effective Hamiltonian (up to an invertible factor) in a well posed 
Grushin problem for Py — z. 

Let i : L^{0) L'^{T) be the natural zero extension map and 
let n : H^{r) H^{0) be the restriction map. Let K = 0{h^/^) : 
H^/^{dO) — )• H'^{0) be a right inverse of B (cf the last observation in 
Section |6]). Put 

Pr — Z i 0\ 9,, ^,^ n , s o 



V{z) \ : H\T)xL\0)yiHHdO) ^ L\T)yiH\0). 

(7.9) 

We will view ^(z) as a 2 x 2 block matrix with the upper left block 
given by Pr — z. We claim that V{z) is bijective. This amounts to 
finding a unique solution {u,U-,u'_) G H'^{T) x L^(C) x H2[dO) of 
the problem 

UPr-z)u + cn. =v, 
[Uu + Ku'_ =v+ 

for every given {v,v+) G -^^^(r) x H^[0). The exterior part (i.e. the 
restriction to Text = T \ O) of the first equation in (7.10) is (with the 
natural notation) 

which has the general solution 

tiext = Ge^t{z)Ve^t + Ke^t{z)g, 

where g E H^/'^iT) is arbitrary to start with. Notice that 

BUe^t = BGextiz)Vext, 
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since BKextiz) = by the definition of A/'ext(^)- Here the continuity 

(7.11) 



condition on u given by (5.32), can be written 

T^int = T^ext, BUint = BUext 



The interior part of (7.10) is 

1 Uint + Ku'_ = V+ 



^int 



in O, 



(7.12) 



giving 



Uint =V+- Ku'_ 

U- = Wint - {P - z)Uint 



The second condition in (7.11) now gives 

Bv+ - u'_ = BG extVext, 

i.e. 



u_ 



Bv+ - BGe^tVexf 



The first part of (7.11) boils down to 

7?;+ — ■^Ku'^ = g. 



(7.13) 



(7.14) 



Thus the unique solution of (7.10) is given by u = Umt + Wcxt, 
m'_, where 

U_ = B{v+ - GextVext) 
Uint = (1 - KB)v+ + KBGextVey^t 

u_ = Vint-{P-z)KBGM.t-{P-z){l-KB)v+ 

Uext = (1 + Ke^aK B)G e^tVext + -?^cxt7(l " KB)v+. 

Using the characteristic functions Iq and Ir^xt to indicate the pro- 
jection to the interior and exterior parts of functions on F, we get in 
matrix form: 

v{zr' = 

'loKBGe^tlr.^, + lr..,(l + K,^tjKB)Ge.tlr.^, lo(l - KB) + lr..,i^ext7(l - KB)' 
lo-{P-z)KBGe.tlr.^, -{P-z){l-KB) 

-SGextlroxt B 

(7.15) 

As already mentioned we can use block matrix notation and write 
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where 



Then 

where 

E22 



Pu = Pr-z, 
P21 = n, 

£(z) :=r(z)- 



-{P - z){l- KB) 
B 



P12 
P22 



i 0), 
K 



Ell E12 
E21 E22 



-1 h-2{P-z)K 




and Voutiz) was defined in (7.7). Notice that the upper triangular 
matrix in the last expression is invertible, so the invertibility of £'22 is 
equivalent to that of Pout and using also the second part of Proposition 
|4.1t we get 



Proposition 7.2 For z in the region (7.8) we have that z E cr(Pr) if 
and only if £ cr{Vout{z)). 

Py — z, Voutiz) are holomorphic families of Fredholm operators of 
index and combining (4.3) with Proposition 4.4 we see that det(Pr — 
z) and 'Pout (-2) have zeros of the same multiplicity at the points of 
a{Pr). 

We next discuss a reduction to the boundary when z is not a 
Dirichlet eigenvalue. Let Pin denote the Dirichlet realization of P in 
O, so that P(Pin) = {ue H^{0); = 0}. Let 



Pin (2) 



P-i 

h2j 



: H'^iO) H^{0) X H-2{dO), 



(7.16) 



so that Pin(-z) is bijective precisely when z is not a Dirichlet eigenvalue; 

Z ^ fT(Pin). Let 



^in(^) = (Gi„(z) h-lK,^{z)) 



be the inverse which is well defined for z away from the spectrum of 
Pin- Then 



^out(^;)'£'in(^;) 



(P-z)Gi„ {P-z)h-2Ki, 



BKu 



\ h^BGin 
Here (P - z)Gin = 1, (P - z)Kir, = and 

BKin = jhDyKin - A4xt = Mn - AAext, 



(7.17) 
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where the last equihty defines TVin : -ff 2 (dO) (dO) so 

rout{z)£in{z)=(,i!^^ ). (7.18) 

Composing with Pin to the right, we get 

^outW=f,i^^ ° . )Vin{z). (7.19) 

Notice that this factorization makes sense only when z ^ cj(Pin(^;)) 
since A/in is defined only under that assumption. The last factor in the 
right hand side is of course bijective then, and the first lower triangular 
factor is bijective precisely when A/'in(z) — .Afextiz) ■ H^^^ — )■ H^^"^ 
is bijective, or equivalently when is not in the spectrum of this 
operator, considered as an unbounded operator H^^"^ — )• H^^'^ with 
domain H^/^. 



Proposition 7.3 For z in the region (7.8) and not in a{Pin), we have 
the equivalence: 

G CT{Vont{z)) ^ G CT(Mn - A4xt). 

Again we have holomorphic families of Fredholm operators of index 
and we have the analogue of the remark after Proposition |7.2[ 



We end the section with a symmetry observation (cf (5.1). 

Proposition 7.4 Po^t{z), Mm and Mcxt o-re symmetric. 

Proof. This follows from Green's formula. For u,v £ H^^'^{dO), we 
have 

{AfinU\v)90 - {u\NinV)dO 

= {hD^Kmu\v)Qo - {u\hDyKmv)Qo 

= ^{{-h^AKmu\Kinv)o - {KinU\ - h'^AKinV)o) 

= '-{{{P - z)Kmu\Kmv)o - {Kmu\{P - z)Kmv)) 
= 0. 

The symmetry of 7\4xt follows in the same way by applying Green's 
formula on Text- 

Let u,v £ V{Pout{z)), so that ^hDyU = Mcxtju and similarly for 
V. Using again Green's formula, we get 
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{Pont{z)u\v)o - {u\PoMt{z)v)o 

= -h'^{{/^u\v)o - {u\/\v)o) 

= ^{{hD^u\v)Qo - {u\hDi,v)do) 

where the last equahty follows from the symmetry of A4xt • ^ 



8 Some ODE preparations 

In this section we make some preparations for the study of the interior 
and exterior Dirichlet to Neumann maps and some related estimates 
for the exterior resolvent. 

8.1 Nullsolutions and factorizations of 2nd or- 
der ODEs 

Let 

P = d^ + ait)dt + b{t) (8.1) 

be a differential operator with smooth coefficients on an interval or 
with holomorphic coefficients on a simply connected open set in C. 
Let e~"(*) belong to the kernel of P, 

P(e-") = 0. (8.2) 

This means that P takes the form P = {dt + a')^ + /(*) (^t + + 9(t) > 
where g = and we get 

P = {dt-P'){dt + a'), (8.3) 

where (3' = a' — a, 



/3 = a- 




Notice that = {dt — a'){dt + /?'), so belongs to the kernel of 
P*. When P is symmetric, P* = P, we have a = 0, P = a. 
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8.2 Simple turning point analysis 

We recall some elements of the complex WKB method and refer to 
|301 ll0j for more extensive expositions. Let V = V{x) be holomorphic 
in some simply connected open set C C. We consider the equation 

{{hD^f + V{x))u = 0, (8.5) 

with u holomorphic. The zeros of V are the turning points by defini- 
tion. Away from those points we can construct formal local solutions 
of the form 

u{x) = a{x; 

/j)ei</'WM^ a(x; h) ~ ao(x) + hai{x) + (8.6) 
where (f){x) is a solution of the eiconal equation 

(0'(x))2 + y(x) = 0, (8.7) 
and ao, ai, ... solve a sequence of transport equations obtained from: 

{i(l)'{x) + hD,f + V{x))a = 0, 



equivalent to 



{(f)'{x)hD + hDo(j)' + {hDf )a = : 

2ct)'{x)dao + (j)"ao = 0, (To) 

and for j > 1: 

2(l)'{x)daj + 4>"aj = id'^aj-i. (Tj) 

We can prescribe ao(xo), ai{xQ), ... (if xq is not a turning point) and 
then the formal symbol becomes uniquely determined in a neighbor- 
hood of xq . The so called exact WKB method (see also the appendix) 
tells us that if 7 : [0, 1] — )■ O is a curve with 7(0) = xq, avoiding 
the turning points and with the property that —Q(p{'y{t)) has positive 



derivative, then there exists an exact holomorphic solution of (8.5) of 



the form (8.6) in a neighborhood of 7(]0, 1]) where oo(xo), ai{xQ) 



can be arbitrarily prescribed (in the sense that a{x; h) is holomorphic 



in X with the asymptotic expansion of (8.6) in the space of holomor- 
phic functions in a neighborhood of the range of 7). Moreover, the 
solution is unique up to a term 0{h°°)e~^'^^^ . 

Actually the formal expansion can be improved by using the Ansatz 
(<^')-V2g«'i'/ft^ aj^jl ^j^gn determining $(x; h) ~ (j){x)+h'^(j)2{x)+h^(p4{x) + 
... from a Riccati type equation. Notice that the solution of (Tq) is of 
the form ao{x) = C(V)"^/^ = CV{x)-^/^. 



We can consider multivalued solutions of (8.7) away from the turn- 



ing points. A curve in O is called a Stokes line if ^cp is constant 
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on 7 and it is called an anti-Stokes line if 3f?(/> is constant. (Sometimes 
the terminology is reversed.) Locally away from the turning points 
the Stokes and anti-Stokes lines intersect each other perpendicularly. 
The curve 7 in the above exact WKB remark necessarily intersects 
the Stokes lines transversally. 

A turning point xq € ^2 is called a simple turning point if it is a 
simple zero of F, so that 

V'{x^) / 0. (8.8) 

We next consider the singularity of the solution of the eiconal equation 
near a simple turning point that we assume to be xq = for simplicity. 
If the Taylor expansion of —V at x = is — ^(x) = a^x + 0{x'^), then 
4)'{x) is a double- valued holomorphic function of the form 

(/>'(x) = ax5(l + C'(x)), 

where the last factor is holomorphic in a full neighborhood of x = 0. 
By integration it is clear that (j) is also double- valued and of the form 

2 3 

(f)[x) = -ax2(l + 0{x)), 

where again the last factor is holomorphic near 0. 

The union of the Stokes and anti-Stokes curves reaching the turn- 
ing point X = is contained in 

{x G neigh (0); 90 = or sft0 = 0} = {x G neigh (0); = 0}, 

(8.9) 

which is also the set of points x solving 

a^x^{l + 0{x)) = t G neigh (0, R), 

i.e. 

aix(l + 0{x)) = t, 



or equivalently 



2 



x = /(a 3t), 

where / is analytic and /(O) = 0, /'(O) = 1. Since there are three 



branches of the cubic root of a we see that the set (8.9) is the union of 
three smooth curves, 7^, j = 0, 1, 2 that pass through and intersect 
there at angles 27r/3. 

With a suitable orientation, each jj is first a Stokes line 7" until 
it hits and then becomes an anti-Stokes line 7^ on the other side. 
It will be convenient to let 7" be open in the sense that ^ 7", 
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G jj. The three Stokes lines divide a pointed neighborhood into 
three "Stokes sectors" j = 0,1,2, as indicated on the figure: 




Each Stokes sector is the union of Stokes hues in addition to the two 
Stokes hues that make up the boundary. In the figure we draw two 
such additional lines in each sector. 

For each j G Z/3Z, we choose the branch (j) = (j)^ oi the solution 
of the eiconal equation tending to when x — t- which has positive 
imaginary part on the interior of and we can extend (p holomorphi- 
cally to \ 7~, so that cp^ = —cj)^^^ in ^j±i- Here is a fixed small 



open disc centered at 0. The exact WKB method tells us that (8.5) 
has a solution u = Uj in of the following asymptotic form in \ TJ , 
where Tj is any fixed neighborhood of : 

Uj = a\x; /i)e*'^^(^)/'^, ~ + ha{ + ao{x) / 0. (8.10) 

The Wronskian W{uj,Uk) ■= {hDuj)uk — UjhDuj. is constant, and 
can be computed asymptotically for j ^ k at any point on 7^ where 
£ is the index different both from j and k. Since (f)j = —<j)k there, we 
get 

Wiuj,uk) = 2(P'jal4 + 0{h). (8.11) 
Also recall that W{u,u) = Q. 

This can be used to study Uj near . Since the space of solutions 



of (8.5) is of dimension 2, we have 

Uj = ^ Cj^kUk, Cj^k = Cj,k{h) G C, (8.12) 

k; k^j 

and if 7^ j, we let i = £{j, k) be the index different both from j and 
k and get 

W{uj,Ui) = Cj^kW{uk,Ui), 
46 



Cj^k 



W{uj,Ui) 
W{uk,ue) 



^.13) 



We shall next show that the presentation (8.10) extends to Q \ 



(FT uZ)(0,C/i2/3)) where now r^- is a conic neighborhood of 7^- and 
C S> 1, in the sense that the asymptotic expansion for is in powers 
of h/x^/"^. Letting j be fixed for a while, we suppress "j" from the 
notation. Recall that oq, ai are determined by the sequence of trans- 
port equations (Tq), (Ti), ... above. Using the eiconal equation for (j) 
we get 

^.14) 



1, 



a(y4ao) = 0, d{V-iak) = -V—^d'ak-i 



Starting with ao = Const. F 4 = 0{x 4) and using (|8.14p and the 
Cauchy inequalities, we get iteratively that 



ak{x) = 

Thus we can give a meaning to 

00 



o(x--i-^^r 



^.15) 



[x 







3 

X2 



in the region |x| ^ h?/'^ as an asymptotic sum in powers of the small 
parameter /i/x^/^. 

In the appendix, we show that the holomorphic function a has this 
asymptotic expansion in the region |x| ^ h?/"^ . 



Proposition 8.1 Fix j G Z/3Z and let u 



be a solution of (8.5), 



which has the structure (8.10) in a neighborhood of a point x^ £ 7^ \ 
{0}. Then for r > small enough, u remains of the form (8.10) 



in D{0,r) \ {Tj U D{0,Ch'^/^)), Tj is any neighborhood of of the 
form L)^^^-D{x,€\x\) and where C = > is large enough. The 



asymptotics in (8.10) is that 



coefficients ai in (8.10) satisfy (8.15) and the precise meaning of the 



N-l 

E 

k=0 



aih" 



O 



3 

X2 



^.16) 



We shall next estimate the region where u = uq may have its zeros 
and take j = in order to fix the ideas. From Proposition |8.1| it is 
clear that the zeros have to be close to "f(^ and in particular we need 
to study what happens in an neighborhood of 0, where we have 
no asymptotics. If [a, 6] 9 t — )• 7(i) e C is a smooth curve and v, w 
are holomorphic functions defined near 7, then 

vwdx = I VyW^dt, 
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where we define 

u^{t) = 75u(7(t)). 

This means that the passage u i— )• conserves symmetry of differen- 
tial operators, and more precisely, we check that 



and the equation (8.5) restricted to 7 reads 

[{r^^hDtrh^ + y(7(t))]n-, = O (8.17) 

Here we can rework the first term and put the two Df together in the 
center. We get 

{-{hdtf + j^V)j~^u^ = 0, j~^u^ = 7-i-u o 7, (8.18) 

where 

V = + {-nh^f - ldt{^)] = 1/07 + 0{h'). (8.19) 

747 ^7 



Proposition 8.2 // 7 is a Stokes curve or an anti-Stokes curve, we 
have 53(7^1/ o 7) = 0. More precisely, 7^^ o ^ is < in the first case 
and > in the second case. 

Proof. Stokes and anti-Stokes curves are characterized by the prop- 
erty that Q'j(p' = and 'R'y(p' = respectively, where (j) solves the 
eiconal equation (8.7). For both types of curves, we have 9(70')^ = 
which means that 9(7^ o 7) = 0. On a Stokes curve we have 
{jfj)')'^ > 0; SO 7^y o 7 < and on an anti-Stokes curve we have 
(7(/>')2 < 0, so 7V o 7 > 0. □ 

Now complete 70 into a smooth family of curves 7s, s E neigh (0, R), 
so that X = 7s (t) defines local coordinates s, t and the smooth function 

/(s,t) = 9[(at7s)V(7s(t))] 

vanishes for s = 0. Assuming, as we may, that 70(0) = 0, 70 (i) = 
7^(t), for ±.t > 0, we get for s = 0: 

(as/)(0,0) = 9(7oV(0)as7s(0)). 

This is / since V'{0) ^ and dsjs{0)s=o is not colinear with 79. 
It follows that ±f{s,t) X s and we may assume that the plus sign is 
valid; 

Q[{das{t)fV{jsm X s, is, t) e neigh (0). (8.20) 

Now let u = uq he a. solution of (8.5) as in ( 8.14[ ) which is expo- 
nentially decaying in the Stokes sector Sq containing the anti-Stokes 
line . 
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Proposition 8.3 The zeros of uq are within a distance O^h"^) from 
7q" and away from a disc D{0, /i^/'^/C) if C > is large enough. 

Proof. We first prove that the zeros are within a distance 0{h'^) from 
70- From the WKB structure we already know that they have to be 
inside a small neighborhood of {0} U . Let xq be a zero of u and 
let s = So be determined by the property that xq belongs to 7sp, so 
that xo = jsoito) for -1/0(1) < to < o(l). Take 7 = 7^0 in ([sTTsJ): 
Multiplying by 7~^/^n o 7, we get 



[{{-hdtf + 7V)7~2n o 7)]7-i/2u o jdt = 0. 



to 



Here ^07 is exponentially decaying for t > 1/0(1) and vanishes at to 
so we can integrate by parts and get 



/ 



[\hdtij~^uoj)\'^ + 'y^V\'y-^uoj\'^]dt = 0{e-^). (8.21) 



'to 

Now ^72^ = 9(72^ 07) + C'(/i2) and Q{'y^V o 7) x sq, so taking the 
imaginary part of (8.21), we get 

/ |7"2ti o 7|2(it < C)(e~ch:). 

Jto 



i\so\-0{h')) 



Consequently, sq = OQi^) so the zero is at a distance < 0{h'^) from 
70- 

It remains to prove that the zeros stay away from D{0,h'^/^/C) 
and belong to a /i^-neighborhood of 7(^. Let xq = 7so(to) be a zero 
so that So = OQi^). Then, with 7 = 7 ^^ we have 3^72^ x t. Let 
V = 7~^/2^ o 7 and take the real part of (8.21 ): 



^{\hdtv\'^ + 3?(7V)|?;|2)dt = 0{e-^). (8.22) 



to 



Now, 



and we get 



m^V)>'-^-C{\to\+fi' 



f\\hdtv\^ + ^-^\v\^)dt < 0(e-c?s) + C(|to| + h^)\\v"^ 
Jto ^ 

where the norm is the one in L'^{[to, 1]). Here, we can drop the first 
term to the right since ||z;|| is bounded from below by a power of h. On 
the other hand, we know (either by using well-known facts about the 
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Dirichlet problem for the Airy operator or by more direct arguments) 
that the left hand side is bounded from below by C~^/i^/^||f |p (using 
also that v{l) is exponentially small). Hence, 



~C 



<C(|to| + /i'), 



leading to 



|io| > 



/l3 

c 



Now a second look at (8.22) shows that we cannot have to ^ h?^"^ /C^ 
and the proof is complete. □ 

Remark 8.4 By pushing the argument slightly further we see that 
every zero of uq in any fixed disc -D(0, Ch?/^) is of the form 

- /iiy'(0)"5Cj + C(/i5), (8.23) 
for some j, where < ("i < C2 < ••• are the zeros of Ai(— t). 



In fact, let xi be such a zero and consider the equation (8.18) along 
the curve 7 = 7s that contains xi. Assume that the parametrization 
is chosen with 7(0) = xi and such that 7 is oriented in the direction 
of Eq for increasing t. Choose a similar parametrization of 70 so that 
7(t) — 70 (t) = 0{h?). Pulling 7~2u o 7 to 70 by means of 7 o 7^^ , we 
get a quasi-mode u{t) satisfying 



[-{hdtf + ^lV{-i^{t)))u{t) = 0{h^)\\u\\ in 



1 

Co 



]), (8.24) 



which is exponentially decaying for t ^ h?/^ and satisfies the Dirichlet 
condition n(0) = 0. This means that the self-adjoint Dirichlet realiza- 



tion on [0, 1/Co] of the operator to the left in (8.24) has an eigenvalue 
= 0{h?'). Now it is a routine exercise in self-adjoint semi- classical 
analysis to see that the eigenvalues of this operator in any interval 
] — 00, C/i^/^] are of the form 



C/(0) + /ii[/'(0)iCj + O(/i5), 



^.25) 



where U{t) = 70^^(70(0) is the potential in (8.24). Thus for some J, 



7o(0)V(7o(0)) + /i3(7o(0)V(7o(0)))3Cj = 0{h 



which simplifies to 



0, 



V{xi) + hW\<dYiCj + 0{h^i) 

leading to ( |8.23D . 

The remark |8.4| allows us t o co ntrol the exterior Dirichlet problem 
for > —coh^'^ for cq as in (3.1). 
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8.3 The exterior ODE 



We are concerned with the operator 

P = - xQix) + ha{x)hd^, (8.26) 

where Q, a are holomorphic on neigh (0, C) and Q > on the real 
domain. 

Let 75 be the contour x = 75(5), < s < sq, < sq ^ 1, 

75(5) = s, for < s < (5, 

^ (8.27) 
jsis) = (5 + e 3 (s — 5) for (5 < s < So, 

and let b = 75(^0) be the second end point. Here 5 > is a small 
parameter that eventually will take the values and Ch. 
Consider the Dirichlet problem 

{P - z)u = v on js, u{0) = 0, u{b) = 0, (8.28) 

where 

z = X + h^/^w, XeK, \w\ < (8.29) 

We start by discussing the case 5 = and later we indicate the 
additional arguments in order to treat the case 5 > 0. When 6 = 0, 
the operator reduces to the rotated Airy operator with a perturbation, 

e-'^i-ihdsf + sQ{efs)) + e-fha{efs)hds, (8.30) 

which as in \14:\ [23l [2^ [25] can be treated by ressorting to the spectral 
theory for the Dirichlet problem for the Airy operator. When 6 > 
this appeared as more difficult and in order to cover that case also we 
chose to use the complex WKB method. The last term ha{x)hdx will 
have no real importance and can be eliminated by writing 

P = -{hdx-'la{x)f-xQ{x)+0{h'^) = ei[-{hdxf-xQ{x)+0{h^)]e-^, 

where A = 0(1) is a primitive of a. Since the perturbation 0{h'^) 
can be absorbed in the estimates below, we will assume from now on 
that a = 0. We will also concentrate on the most interesting case 
when |A| < 1/C and indicate later how to treat the easier cases when 
A is positive and bounded from above as well as the case when A is 
negative and arbitrarily large. 

Assuming that |A| < 1/C, we see that the equation (8.28) has a 
turning point ^0(2:), given by 

xoQ{xo) + z = 0. (8.31) 
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If xi G R is the real turning point, given by xiQ{xi) + A = 0, then 



1 



Xo = Xi 



dV{xi) 

We have the fohowing picture: 



h'-^w + 0{h3), where V{x) = xQ{x) 




.32) 



where we draw the three Stokes hnes through xq, the Stokes sector 
E, and notice that the zeros of the corresponding subdominant solu- 
tion are very close to the Stokes line opposite to S and separated 
from the turning point by a distance > h?^^ /C. A direct calculation 
from 



< -h 



1.22,) shows that the imaginary parts of these zeros are 
^7^(1) when |A| < 1 and Qu- > -Q{{)f /^Ci cos f + 1/0(1). 
From Proposition 8.1, we see that the equation {P — z)u = has 
a solution which is subdominant in S of the form 



{x;h)/h 



.33) 



in (neigh (xq, C)\V^)\JD{xo, h^l^jC) where is a any small "conic" 



neighborhood of 7q as in Proposition 8.1 

0'(x; K) = 4>q{x) + - 



such that 
0{h) 



and (pQ solves the eiconal equation, ((/'g)^ = xQ{x) + z. (Compared to 
Proposition 8.1 , we have found it convenient to drop the prefactor "i" .) 



Notice that the first term in the right hand side of ( |8.34 ) dominates 
when \x — xq\ » h'^^^. 

Moreover, in any set of the form D{xo, h^^'^/C) U {D{xo, Ch?/"^) \ 
Vq), we have 

0' = 0(/ii/3)_ (8,35) 

In fact, writing x—xq = h?/^y leads to the equation —{dy+W {y))u = 
in a fixed /i-independent domain where W is holomorphic and bounded. 
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Rewriting this as a first order system, we see that \u{y)\ + \dyu{y)\ is 
of constant order of magnitude, say x 1 and the equation tehs us that 
dyU = 0(1). We also know that u is non- vanishing and after shrink- 
ing the domain by a fixed rate arbitrarily close to 1, we conclude that 
\u{y)\ > Indeed, if |n(yo)| = e <^ 1, then |ii'(yo)| ^ 1 and from 

the Taylor expansion, u{y) = u{yo) + u'{yo){y - yo) + 0{{y - yo)^), 
we see that u must have a zero in the disc D{yo,r) if e ^ r ^ 1. 
Thus \u{y)\ X 1, u'{y) = 0(1) and hence dylnu = 0(1). Hence 
h'^/^dxlnu = 0(1) and dx(p = hdxlnu = 0(/i^/^) as claimed. 
As in Section |8.1| we factor P — z as 

P - z = {<j)' - hdx){(t)' + hdx) (8.36) 

and we shall use this to find a solution u of the equation (P — z)u = v. 
First invert (p' — hdx by integration from b to get 

(</.' + hdx)u = -I r e(<^(^)-<^(s'))/^z;(y)dy =: Kv(x). (8.37) 
h Jb 

In order to estimate the /^(L^)-norm of this integral operator and 
of similar ones, we collect some useful properties. 

Lemma 8.5 Assume that < 5 < Ch and orient 75 from to b. 
Write y < X for y,x G 75 if y precedes x. For x,y,w G with 
Q<y<w<x<bwe have with a new constant C > 0: 

-IPX PX 

- \cl)'{z)\\dz\-Ch<m^)-^cl){y)< W{z)\\dzl (8.38) 

^ Jy Jy 

^\cp'{w)\\x-y\-Ch < j^^ W{z)\\dz\ < C(|0'(x)||x-y| +/i), (8.39) 



hl + \(t>'{y)\ 

for every e > 0. Here Ce > is independent of h. 



Proof. The second inequality in (8.38) is obvious. By additivity it 
suffices to show the first inequality in each of the following three cases 
(where the second case may be void): 

1) X, y belong to the horizontal segment [0, 6], 

2) X, y belong to 75 n D{xo, Ch'^^^), 

3) x,y are both beyond the cases 1 and 2. 
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In case 1) both \(j)'{z)\\dz\ and R{(p{x) — 4>{y)) are 0{h) since 5 = 

0{h). In the second case this remains true since |x — y| = 0{h^/^) and 
(t)'{z) = 0{h^/^) for y z X. In the third case the first inequality in 



(|8.38|) fohows from the fact that 75 is here transversal to the Stokes 
precisely that 

misit)) X \4>'hsm, for y ^ 75 W ^ ^- 



lines and more precisely that 

A. 
dt 

Now consider (8.39). If 2; is as in case 1 or 2 then (z)\\dz\ and 
— y\ are 0{h). If x is as in case 3, then |(/>'(x)| > ^\(f>'{w)\ 
for w ^ X and we get the desired inequalities. 

We finally show ( 8.40[ ). Let I denote the modulus of the logarithmic 



derivative of h^^^ + \<p'{x)\ along 75. Then 

I< — 

which is ©(/i"^/^) on 75 n D{xQ,Ch?/'^) for every C > 0, and on 
7A^(^0,C/i2/3): 

1 = 0(1)^"-"°""^ 



h'-i +\x — xqI 2 1^ 
Summing up the estimates in both regions, we have 

0{l) 



I 



7^1 I 

+\x — xq\ 



The modulus II of the logarithmic derivative with respect to x of 
j;W{z)\\dz\/h ^Q^j^jg^j \^'[x)\/h which is Oih-"^/^) in the first 
region and ^ \x — xol^^'^/h in the second region, provided that C is 
large enough. 

It follows that I < ell, except in the intersection of 75 with the disc 
1^; — xqI < (h/e)^^^. The integrals of both I and II over this exceptional 



region are 0^(1) and (8.40) follows. □ 



Lemma 8.6 The C{Lr)-norms of {h-i + \(t)'\)oK and of {ha + \(p' 
Ko{h-3 + \(t)'\y^ are 



o 



Proof. We first notice that we can replace to the left in (8.39) 

by \(t)'{w)\ + hi. 

By Shur's lemma, the >C(L^)-norm of (/is + |(/)'|) o is bounded by 
the geometric mean of the following two quantities: 

I = i sup fihh + |0'(x)|)e^^W^)-'^(s'))|(iy| 
h xe7i Jh 
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and 



11 = 1 r^^^ + W{x)\)e^^^'''^''^-'''^y'>^\dx\. 
" 1/675 Jo 



Combining (8.38) and (8.39) with |0'(w)| replaced by hs + |(/)'(tt;)|, we 
see that for x ^ y, 

{h\ + |</>'(x)|)eS«W-)-<^(2/)) < (/ji + |</,'(x)|)e^-c^('^^+l^'(-)l)l-?'l, 
implying that I = 0(1). 



In order to estimate II, we also use (8.40) to get 



i(/i5 + |c/>'(x)|)eS«('^(-)-^(^)) 



h 

and it follows that II is 0(1). Thus the £(L2)-norm of (/i5 + |0'|) o K 
is 0(1) as claimed. 



The estimate of the norm of (/is + 



'Ko{hB + is just 



a slight variation of the above arguments, using (8.40) from the start. 

□ 



From the definition of K in (8.37) we get 



hdxKv = V — 4>' o Kv, 



and we conclude that 



hd^oK, {hi + \(t)'\)hdxoKo{h-3 +\(t)'\y'^ are 0(1) in ^(L^). (8.42) 

Now, recall that we can get u from {(p' + hdx)u =: w by integration 
outwards from x = 0: 



u{x) 



The same estimates apply to L and for the solution u = LKv of the 
equation (P — z)u = v, we get 

Wihl + \(P'\fu\\ + ||(/i5 + \<P'\)hd,u\\ < 0{l)\\v\\. (8.44) 
Recalling that 

{p-z) = (0' - hd){^' + hd) = {(t>'f - H" - {hdf, 
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and that (j)" 
u = LKv: 



0{h 3), we also get ||(/ic?)^u|| < 0(1)11^11 and thus for 



lll^xlll := \\{hl + \c^'\)M + ll(^^ + \<t>'\)hd,u\\ + \\{hd,)M < 

(8.45) 

By construction, 'u(O) = 0, but the Dirichlet condition at x = 
b is not necessarily fulfilled. Now, for instance by using a different 
factorization {P — z) = {(j)' + hd){(p' — hd) and some easy iterations, 
we see that the problem 



(P - z)eb = 0, efe(O) = 0, efe(6) 



.46) 



has a solution on 75 which decays exponentially away from b and 
satisfies |||efc||| = 0{h2). 

Moreover, we have u{b) = 0{h-'^/'^)\\v\\. In fact, ( |8.45| shows 
that ||n||j:^2 < 0(1)11^11, if take the norm over {x G 7^; a ^ x -< 
b}, where o G 75 is close to b, and as in (6.6), we have \u{b)\ < 
0{h~^^'^)\\u\\jj2. Thus the function u = u — u{b)eb solves {P — z)u = v, 
u(0) = u{b) = and (8.45) remains valid with u replaced by u. Since 
our Dirichlet problem is Fredhom of index zero, we also know that u 
is the unique solution. Dropping the tildes we get: 



Proposition 8.7 Consider the problem (8.28) for z as in (8.29) with 
A = 1/0(1) and let u be the unique solution constructed above. Then, 

\\{h\ + \ct>'\fu\\ + \\{hd:,)M + + W\)hdM\ < Oil)\\v\\, (8.47) 
where the norms are taken over 75 . 

We make a few remarks about extensions and variants. The first 
is that we can replace 4> in (8.47) with (pQ, the solution of the eiconal 
equation, (<^o)^ = xQ{x) + z. Indeed, when \x — xq\ < 0{h'^/^) we 
have (/>', (I)'q = 0{h^/^) and when \x - xo\ > Ch"^/^, then |(/)'| x 

The second observation is that along 75, if we let xi denote the 
real turning point (given by xiQ{xi) + A = 0, xi x —A, then 



/l3 + 



1 



X (|x - xol + /i5)i X (|x - Xi| + /lt)5 

X (S + |A| +/l3)5, 

where we write x = 75(5). Thus ( |8.47 ) can be written 

||(/ii + |A| + s)u\\ + \\{hd^)^u\\ + \\{hl + |A| + s)'^hdM\ < Oil)\\v\\. 

(8.48) 
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9 Parametrix for the exterior Dirich- 
let problem 

Choose geodesic coordinates {x', Xn) with x' being local coordinates on 
do, so that the exterior of O is locally given by x„ > and P = —h^A 
in R" \ O becomes (locally near a boundary point): 

P = {hD^S + R{x, hD^,) - XnQ{x, hD^,) + ha{x)hD:,^. (9.1) 



(Cf. (5.26), (5.27), (5.28)) Here R is an elliptic second order differen- 



tial operator with principal symbol r{x' , ^') = both in the classical 
and semi-classical sense. Similarly, Q is elliptic in the x' variables with 
principal symbol q{x,^') x For z = \ + h?/^w with A G R, A ~ 1, 
\w\ < 1/0(1), we consider 



P{x', ^') - Z = P{x', Xn, C', hDx„) - z 
= {hD^„f + R{x', e') - XnQ{x, e') + ha{x)hD^ 



(9.2) 



as an ODO-valued symbol. We let x„ vary in 75, < 5 < Ch. 
We investigate 3 different regions in T*dO. 

1) (a;',C') belongs to a small neighborhood of the glancing hyper- 



surface Q: r{x',S,') = A. Then the estimates in Subsection 8.3 apply 
with A there replaced by A — r{x',(,') and from (8.48) we get 



-3 +\X-r{x',e)\+s)u\\ + \\{hd,„fu\\ + 

\\{hl + \X-r{x',e)\ + s)hd^„u\\ < 0{l)\\v\\, (9.3) 

when (P(x',^') — z)u = v along 75, m(0) = u{b) = 0. 

2) (x',^') belongs to the hyperbolic region r(x',^') < A — 1/0(1). 
Then the turning point xq is away from and hence also from 75 and 



the estimates of Section 8.3 still apply and give (9.3), where we notice 



that hi + \X- r(x',C')l + s x 1: 

\H\ + \\hd^^u\\ + \\{hd^j\\\<0{l)\\v\ 



(9.4) 



Notice that q may be very small in this region but the estimates now 
work without any reference to a turning point. 

3) (x', ^') belongs to the elliptic region r(x', ^') > A+1/C'(l). When 



in addition r(x',^') < 0(1) we get (9.4) again. When r(x',^') » 1 we 
multiply with |^'|~^ and get 



\e\-\p{x',e) 



{hDxS' + R- XnQ + ha{xn)hDx„ 



P-z, 



where R = \i'\''^R{x' x 1, Q = \i'\-^Q x 1, /i = h/\^'\ <C 1, 
z = z/l^'p, |z| <C 1. For the rescaled problem the turning point is 
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well off to t he r ight and 75 intersects the Stokes lines transversally. 
We still get (9.4), now for {P — z)u = v and h replaced by h and after 
scaling back, we get 

{i'?M + mhd^M\ + \\{hd^Su\\ < 0{l)\\v\\ (9.5) 

for solutions of ([S^Sj). 

For a fixed 5 £ {0,Ch}, let B{x',S^') be the space of functions on 
75 vanishing at both end points and equipped with the norm given be 
the left hand side of (9.3), (9.4), (9.5) respectively when (x',^') is as 
in the three cases. 

Then P{x',^') - z = 0(1) : B{x',^') L^i^/s) and has an inverse 
E{x',^') which is 0(1) : L'^{-fs) ^ B{x',C). 

Outside a fixed neighborhood of the glancing hypersurface, we have 
the nice symbol properties 

= 0„,^((0-l^l) : Bix',a ^ L\js)- (9.6) 

Near the glancing hypersurface we have a poblem when derivatives 
fall on R and we get the weaker estimate 

a^,9f,P = Oa,/3(l)(/i^ + |A - r(x',C')l)"^'"'+'^'^- (9.7) 

This is the reason why traditionally (as in j25|, [26] and other works 
cited there) one uses some form of second microlocalization. If (xq, ^q) 
is a point on the glancing hypersurface, we conjugate P{x, hD) with 
a microlocally defined elliptic Fourier integral operator acting in the 
tangential variables and get a new operator of the form (9.1) where 
now i?, Q are tangential classical /i-pseudodifferential operators and a 
is replaced by a{x, hD^'] h), a classical pseudodifferential operator of 
order in h, and where 

i?(x',0=6. (9.8) 
Then the problem appears only when we differentiate with respect to 

a^,af,p = o^^p{i){hl + |A - r{x',a\)-^'- (9.9) 

Differentiating the identity (P — z)-E = 1, we get with d" = d^, 
and after applying E to the right and using that E(P — z) = 1, 

d"E= c„/,a"^(5"'p)(a""^). 

a' — a 



58 



By induction we then get 

d:,d^^,E = : L\^s) ^ B{x',a, (9.10) 

outside any fixed neighborhood of the glancing hypersurface Q. Near 
any fixed point of ^, we get 

d^,d^^,E = 0^,i,{l){hl + |A - r{x',C')\)-^\ (9.11) 

after conjugation with an eUiptic tangential Fourier integral operator, 
that reduces R to ^i. 

We now turn to the n-dimensional situation and recall the defini- 



tion of the singular contour Fj in (5.12) and its exterior part Fgxt,/ 



where / satisfies (5.31). We take 6 = vr/S there and put Fq = Tf. For 



6>0, let 0_s = O + B{0,6). Then dist(x,C'_5) = max{d{x) -6,0). 



Let fs be as in (5.31) with d{x) replaced by dist (•, O.^), still with 
= tt/3. Put Ts = Tf^. In this section we only work on the exte- 
rior parts Fext,(5 and for simplicity we drop the subscript "ext" . Using 
geodesic coordinates we have 

rs,b := {x; x' G dO, x„ G 75} C Tg. (9.12) 

(Later on we will also include O into the contour F^ and the F^ above 
will then be renamed F^ ext-) 

Let Bb be the space of functions u = u{x' , Xn) on Ts^b with u{x' , 0) = 
u{x' , b) = for which the norm 

\\u\\b = h^\u\\ + \\{R{x',hD^f) - X)u\\ + \\su\\ + \\{hd^J^u\\ (9.13) 
is finite. 

Continuing to treat P as a pseudodifferential operator on dO with 
operator valued symbol, we obtain a right parametrix of P — z in the 
following way (cf [25l |26]): 

Let XIt-tXn £ C^{T*dO) have their supports in small neigh- 
borhoods of the points pi,...,p]\f G Q that we assume are "evenly 
distributed" on Q with N sufficiently large and so that Xj = 1 
near Q. Put xo = 1 — Yl^ Xj- F)efine corresponding tangential pseu- 
dodifferential operators Xj{x' ,hDxi) on dO in the standard way, so 
that Ylii Xjix' , hD^i) = 1 microlocally near G. With suitable choices 
of the above quantities, there exist semi-classical elliptic Fourier in- 
tegral operators of order 0, defined microlocally near pj, such that 
R{x' jhD^f) = UjhDx^Uj^ microlocally near suppxj where ?7~^ de- 
notes a microlocal inverse of Uj. Then our parametrix of P — 2; is an 
operator E = 0{l) : L?{Ts^b) ^b of the form 



JV 

E = Eoxoix', hD,,) + J2 UjEj{x', hD,,)U~\j{x' , hD,,). (9.14) 

1 
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Here the symbol EQ{x', i') b elongs to the space S^{T*dO] C{L^ ,Bb)) 
of symbols that satisfy (9.10) and has an asymptotic expansion, 



Eq ~ E'0,0 + hE^^i + h i?o,2 + 
with i?o,fc £ , the space of symbols F satisfying 



(9.15) 



d'^,dl,F 



Moreover, Eq^ = {P{x', - z)'^. 

For j = 1,...,N, Ej has the property (9.11) with r 
have an asymptotic expansion 

Ej Ej^o + h^Ej^i + 



^1 and we 



with Ej^k satisfying (9.11) and with Ej^q = {P{x',(,' 



(9.16) 

z)^^ where it 

is understood that P{x', ^') is now simplified with the conjugation by 
Uj so that R{x' ,hDx') has become hD^i- The main property of E is 
that 

{P{x, hD) -z)E = l + 0{h^) in C{L^,L^). (9.17) 

Similarly, we can construct a left parametrix E with an expression 
similar to (9.14) but with the cutoff operators to the left, and by a 
standard argument we see that E = E + 0{h°°) in C{L'^,Bb)- 
Summing up the discssion so far, we have 

Proposition 9.1 we can construct an operator E = 0{1) : L'^(Tsfi) — )• 
Bf) as above, so that 



{P{x,hD) -z)E = l + 0{h° 
E{P{x,hD) - z) = 1 + 0{h° 



in C{L'^,L'^), 
in C{Bb,Bb). 



(9.18) 



We now consider P = — /i^A on all of Ts and notice that P 



is semi-classically elliptic away from any fixed neighborhood of dO, 
so we have a pseudodifferential parametrix Q{x, hD; h) in that region 
with symbol Q{x,C;h) satisfying d^d^Q = ©((O"^""^') such that if 
X G ^^{Ts) is a standard cutoff to a small neighborhood of dO, then 



Hf^ for ev- 



(P-z)Q{l-x) = {l-x)+Ki 
[l - x)QiP - z) = (1 - x) + K2, 

where Ki, K2 are negligible operators 0{h°°) : H^'"^ 
ery s > 0. Further, we may arrange so that the distribution kernel 
Kq{x, y) of Q vanishes when |x — y| > e, for any fixed given e > 0. 
Assuming that suppx C F^^f,, we choose e > small enough and 

put 

F = xEx + Q{l-x)-Q[P,x]Ex- (9-19) 
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Then, F = 0(1) : ^^(r^) ^ B{Ts) and 

(P-z)F = l + K. 



where = 0{h°°) : L^. Here B{Ts) denotes the space of 

distributions u such that xu G B{Ts^b), (1 — x)^ ^ ^h(^i)- '^^^ '^o'^" 
struction of a left parametrix is similar, and by a standard argument 
we see that F is also a left parametrix. Summing up, we get 



Proposition 9.2 The operator F in ( fg.igp is 0(1) : ^^(rs) 
anc? satisfies 

{P-z)F = l + Ks, F{P-z) = l + K4, 



^(r^) 



(9.20) 



where K3 = 0(/i°°) : L^iVg) L^iTs), = 0{h°^) : B{Ts 



10 Exterior Poisson operator and DN 
map 

We continue some estimates in the one dimensional case. Recall that 
if n G C(f ([0,oo[), then 

|n(0)|2 < 2||u||||au||. (10.1) 
If u G C°^{[0,oo[), let X e C^([0,oo[), x(0) = and put xUx) = 



x{x/L). Applying (10.1) to xlu gives 



|n(0)|2 < C{^\\u\\f,^^ + \\u\\[o,L]\\du\\[o,L])- (10.2) 

If A > is a continuous function on [0,oo[ of increasing order of 
magnitude (A(2;) > ^A(y) when x > y) we get 

Choose L so that LA{Of = hA{0), L = h/A{0). Then, 



V/iA(0)|n(0)| < C(||A^/||.o + ^,). (10.3) 

Recall that for (x', ^') near a point on the glancing hypersurface, 
r = A, 

\\u\\i3{x',e) = ll^^'wll + l|A^<9x„'u|| + \\ihd:,„fu\\, 
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where = {h?/^ + |r - A| + s), r = r{x' ,^'), Xn = isis), ^ x ^ 6. 
Since A is increasing, we can apply (10.3) and estimate \u{Q)\ with the 
first two terms in the ;B-norm and \ hdxnU{Q) \ using the last two terms: 

/i5A(0)5|u(0)| < C||u||b, (10.4) 

/i5A(0)5|/ia,„^z(0)| <C||n||B, (10.5) 

or more explicitly, 

h\{hl + \r- A|)i|'u(0)| < C||u||b, (10.6) 

h\{hl + \r- \\)\\hdx^u{0)\ < C\\u\\b. (10.7) 



We next estimate the i3(x', ^')-norm of the null-solution in (8.33), 

u = e^/,^/ = e-K'^(^"'''\ (j){xn; h) = (j)x>,^>{xn; h), 0(0) = 0, 
of (P(x',^') — z)u = along 75. We know that 

(/i5 + ^hl + \r-X\ + s, {xn = 75{s)), 

and that 

sjf?a,0x > + |r-A| + s)5 

2 

when s + |r — A| » /is. Thus with b = 75(^0), 
Jo Jo 

which leads to 

\\^x',('\\ < —2 ■ — T- 

(/i3 + |r - A|)4 

1 

We will also use that the same estimate holds for ||e^, ^, ||. 
Next look at 

2 

||(/i3 + |r - A| + s)e^/,5/|| = [hi + \r- A|)|| ^ e^-'.^'ll- 

hi + \r - A| 

From Lemma 18.51 we see that 

2 

/i3 + |r — A| + s \ 
/i3 + |r-A| 

is bounded, so 

hl + \r-X\+s II .,^,,^1, h II . 0(l)/i^ 



/i3+|r-A| ' (/i3+|r-A|)4 
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Thus, 



||(/i3 + |r - A| + s)e^/,5/|| < C'(l)/i2(/i3 + \r- A|)4. 



The other terms in the B norm of u satisfy the same estimates and we 
get 

||e:r',5'||B < C'(l)/i^(/ii + |r - A|)3. (10.8) 



Since e2,.',5'(0) = 1, we see that this is the reverse inequahty to (10.6) 
up to a bounded factor, so 



\e-x',i'\\B ^ h2{hs + \r- A|) 



(10.9) 



Remark 10.1 Using that ex'^('{b) = 0{e ch)^ we can add an expo- 
nentially smaU reflected term as in (8.46) to get a null solution which 
vanishes at b and after dividing with a factor l + 0(e~cK) we get a new 
function 63;'^^/ satisfying {Px',^' — z)exi,^i = 0, ex'^^'{0) = 1, Cx'^^^'ib) = 
as well as the estimate (10.9). 

Recall that P(x',^') — z : B{x',^') — t- has a uniformly bounded 
inverse E(x' , ^') and that we have the estimates (9.9), (9.11 ). Differen- 
tiate the equation {P{x', (,')—z)ex\^' = and notice that d^,d^,ex'^^i{0) = 
d^,d^,ex',^'{b) = when \a\ + |/3| / 0, so that d^,d^,ex',^' G B. We get 

dx'd^'^x',^' = XI Ca',a",f3',fS"E{dx'd^, P){dx''d^„ex',^'). 



/3'+/3"=/3 
|a"| + |/3"|<|c| + t^(t 



(10.10) 



By induction, we see that 

\\d^,dl,ex',^'\\B = 0{l)h'2{hl + \r- X\)-4-^\ (10.11) 

As a first approximation to the Poisson operator on b, we take 

K^w = Ophicx',^') (10.12) 

where Op/^ denotes the classical /i-quantization in R"~^ also in the case 
of vector and operator valued symbols, so that our is microlocally 
defined in T*{dO) and maps functions of x' to functions of x. (Here 
it is tacitly assumed that we have reduced R to hDx^ as in (9.11).) 
Then 

7i^° = 1, (10.13) 



and 



{P-z)K'^ = Ovh{fx',i') 



(10.14) 



63 



where 

/-'.S' = E ^d^'Pix',e)D^,e^^,^^, (10.15) 



, a'. 



and we have used that (P(x',^') - z)e^>^^' = 0. From (|9^, ( |10.11| ), 
we see that 

ll^x'^e/^C'IlL^ = 0(l)/ii(/ii + |r - A|)-i-^i. 
We get the microlocal Poisson operator to all orders in h by putting 
K = K'^ - Eo {P - z)K'^. 

Here 

E{P-z)K°w = Op^(F), 

where 

\md^^,r\\B^,^^, = 0{l)hl{hl + |r - A|)-i-^^ (10.16) 
This bound is "better" than ( [10.11 ) by a factor 

/i(/ii + |r - A|)"^ < 

thus we get 

Kw = Oph{ex',ii' + rx',i'), (10.17) 

solving 

= 1, {P - z)K = Oih"^) : L"^ ^ B. (10.18) 



As in Proposition 9.2 it is now routine to show that the exact exterior 
Poisson operator is microlocally given by (10.17) near any fixed point 
of the glancing hypersurface G. 

Away from G the construction of a Poisson operator on Tsfi and 
on is more routine and we omit the details. Using a truncation as 
in the preceding section, we can carry over the construction from F^.f, 
to F5. The preceding section gives an approximate Green operator for 
the exterior problem while the present section does the same for the 
Poisson operator. By simple Neumann series we can replace approxi- 
mate solution operators by the exact ones and get the following result 
that summarizes the constructions of this and the preceding sections 
where we start to use the notation F^^* to emphasize that O is not 
part of this contour. 

Proposition 10.2 The exterior Dirichlet problem 

{P-z)u = v, ju = w, onFf*, (10.19) 
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where 7 is the operator of restriction to the boundary, has a unique 

solution u G i?^(rf*) for every {v,w) G L^iTf^) x H^idO), of the 
form 

u = G,^tv + K,^tw. (10.20) 

If X ^ C°°(r|^*) has its support away from a fixed distance to dO 
and is equal to one near infinity ( and satisfies uniform estimates with 
all its derivatives when h ^ 0), then 

XGext, GextX = 0{1) : L2 ^ hI (10.21) 

xKext = 0(/i~) : hI (dO) ^ Hi (10.22) 

If we choose local geodesic coordinates x' , Xn near a boundary point, 
then near that point Gcxt is a pseudodifferential operator with operator 
valued symbol, 

Go.t = E{x',hD,r,h), (10.23) 



where E fulfills (9.10), { 9.11) (and for the latter estimate it is assumed 
that P has been conjugated by a tangential Fourier integral operator 
in order to straighten out R — X). 
In the same coordinates 

xK,^t = Kix',hD^r,h), (10.24) 

where 

\\d^,d^^,K{x',^';h)\\B^,^^, = 0{l)hHhl + |r- A|)t-^i (10.25) 
near Q (after straightening of R — X), while away from Q: 

\\d:,d^^,K{x',e;h)u^,^^, = oii)hHa-'^-\^^- (10.26) 

Corollary 10.3 We have 

Ge^t = 0{h-l) : ^ Hi (10.27) 

K,^t = 0{hl):Hl{dO)^Hl (10.28) 
Finally, we consider the exterior Dirichlet to Neumann (DN) map 
AAext = hD,K,^u (10.29) 

where v denotes the exterior unit normal. From (10.24), ( 10.25[ ), 
(10.7), we see that this is a pseudodifferential operator with symbol 

-ihD,SK{x',i';h)) =:next(x',e';/i) 
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satisfying 

d^,dl,neA^',e;h) = 0((eV-l^l) (10.30) 

away from Q and 

d^,dl,n,,t{x',^';h) = 0{l){hl + \r-X\f2-^\ (10.31) 
near Q after the usual straightening. In particular, we have 
Corollary 10.4 For every s £ K we have that Mcxt = 0(1) : H^'^^ — )• 

11 The interior DN map 

In this section we work inside O and assume that 

P = -h'^A + V{x), (11.1) 

where we will first assume only that V G L°°(0;R) and soon make 
stronger assumptions. The results will be applied to Vq in Section [2j 
but for simplicity we drop the subscript in this section. 

We study the interior Poisson operator i^in(z) = H^^'^{dO) — t- 
H'^{0) associated io P — z and the interior DN-map 

AAin = ^hD^Kin : H^/\dO) ^ H^/\dO) (11.2) 

under the assumption that, 

u3/2 

5Rz = Axl, < < 0(l)/i3/2. (^^ 3) 



Using the right inverse of 7 in (6.7), we can write 



Kin = 7"' - (Pin - Z)-'^-' 

and see that 

ll^in(^)||£(H3/2,H2) = 0{l){hl + h--M) = 0{l)h-'e (11.4) 
where Pin is the Dirichlet realization of P. Consequently, 

We now assume that 

V G C~(0; R), -fV = 0, -fd^V < 0, (11.6) 
where the last two assumptions can be somewhat weakened. Using 



parametrix constructions, we shall improve the estimate (11.5) to 
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Proposition 11.1 Under the assumption Ij^ll.S ), we have 

Proof. We make parametrix constructions in different regions of 
T*dO and start with the hyperbohc region 

n = {{x',a(^T*dO; r(x',0<A}, 

where we write the operator in geodesic coordinates (with O given 
by Xn < 0) as in (9.1). Near a point {x'q,S,'q) £ V. we construct a 
microlocal approximation to the Poisson operator of the form 



Kia{z)w{x) 



1 



(27r/i)"-i 



^±ic^(x,r,')-y'n')a(x, n'; h)wiy')dy'drj'. 

{lU 



We write P as in (9.1): 



p = {HD^J^ + R{x, HD^,) + ha{x)hDx 
R{x, hDx') = R{x' , hDx') — XnQix, hD^- 



(11.9) 



where we recall that V is incorporated in P and hence in the term 
—XnQ and the condition (11.6) together with the strict convexity of 
O assures that q > for ^' 7^ 0. Recall that a can be eliminated 
and assume for simplicity that a = 0. As before p denotes the semi- 
classical principal symbol of P 

Now consider the eiconal equation 

p(x, 0') — z = for x G neigh (xg, 0) n O, (j){x' ,0,r]') = x't]' . (11.10) 

With r(x,^') = r{x',^') — x„g(x, ^') it becomes 

dx„(l) = ±{X + h^w-r{x,(t)'^,))^, =f'^w>0. 

Using the principal branch of the square root we choose the sign as in- 
dicated. If (j)o is the real solution of the corresponding eiconal problem 
when It; = 0, we can solve (11.10) to all orders in h by the asymptotic 
expansion, 

2 4 
(p{x,r]') = (j)o{x,r]') + /i3 0i(x,r/') + (t)2{x,r]' ]h), 

where 0i,(/'2, ... = 0{xn), 

1 



so that 



dx„(t)i = r{x,dx'(t)Q)) ^w, 



(11.11) 
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By solving the transport equations in the usual way, we get the 
amplitude o as a symbol of order and if x ^ C^{J-L) has its support 
in a small neighborhood of (a^o,Co) ^ Fourier integral operator 

Ki^{z) : C^{dO) C°°(0) solving 

(P - z)Ki^{z) = 0{h°°) : V'{dO) C^ip), (11.12) 

^K,r.{z) = x{x\hD^,). (11.13) 



Here (11.11) is important, since it assures that the distribution kernel 
Ki^[x, y' , z) olK\^{z) is 0{h°°) with all its derivatives when dist (x, dO) > 
hs~^ for any fixed 5 > 0. (Another standard fact, implicitly used here, 
is that the distribution kernel is 0{h°°) with all its derivatives as soon 
as {x',y') is outside any fixed neighborhood of the diagonal.) 



From (11.11) we get additional damping, leading to 



1 , 



K = 0{ht):Hl^Hl (11.14) 

It also follows that 

^hD^Kiniz) = x{x',hD^r,h) (11.15) 

where x(^')^'i^) is a classical symbol of order in h and of order 
— oo in ^' which is 0{h°°) with all its derivatives outside any fixed 
neighborhood of the support of x- 

A similar even more standard construction works in the elliptic 
region 

£ = {{x',e)eT*dO; r(x',e')>A}. 

^ 1 5 

We get an operator K = 0{h2) : — > such that 

{P - z)k = 0{h°°), (11.16) 

^k = l-x{x\hD,,), (11.17) 

jhD^^K = n^{x',hD^r,h), (11.18) 

where x ^ Cq^ (T* dO) is any function equal to one in a neighborhood 
oi QWH. X has the same properties as x and G S^{T*dQ) is equal 
to 0{h°^) with all its derivatives away from supp (1 — x)- 

We next turn to the more difficult study near the glancing hyper- 
surface 

g = {{x',a^T*dO; r{x',e) = X}, 

and we shall start by pushing the construction in T-L closer to Q and 
almost up to a distance ^ from that set. We write the operator 



in geodesic coordinates as in (9.1). Let po = {x'q,£,q) S Q and assume. 
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after conjugation with an elliptic tangential Fourier integral operator 
that microlocally, 

Rix',hD,,)-X = hD^„ {x'o,Q = iO,0). (11.19) 

Let T]' G R**-^ satisfy 

1 2 

(772, r]n-i) = m = -e, < e < 1. 

we shall construct an asymptotic solution to the problem 

(P - z)u = 0, u{x', 0) = a(x')eK^'''', (11.20) 
or equivalently with u = e'^^ ^ ^^u, 

e-i^V(p _ 2)eS^Vs = 0, u{x' , 0) = a{x'). (11.21) 
The conjugated operator to the left can be written 

{hD^S + hD^^ - XnQ{x, v' + hD^,) - (e + hiw). (11.22) 

Prom looking at the eiconal equation p(x, (t>')—z = with boundary 
condition <j)'^,{x' , 0) = we see that it is natural to make the dilation 
in Xn, 

— ^Xfi^ X — X • ^11.23^ 
Then hD^^ = ^D^„, hD^i = hD^i and a direct calculation shows that 

e-s^V(p _ 2)eS^V = e(p - (l + hlw)), (11.24) 

3 

where h = /ie~2 <g 1 and 

P = (hD^S + e^^^Xi - XnQ(x', exn, rf + ei/iL'jO- (11-25) 

Thus after dilation, we are in a "uniformly hyperbolic" situation and 
we get a solution 

u = b{x; h)eh'^^^\ x = {x',—), 

of the problem 

(P - (1 + h^w))u = 0(hP°), u{x', 0) = a(x'), (11.26) 
defined in a region 

l^'l <0(1), 0<-Xn<-^, 
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where 6 is a classical symbol of order and (pix) is uniformly bounded 
with all its derivatives in the same region, cj) is here the solution of 
the eiconal equation, 

p(x, 4) - (1 + hlw) = 0, ^|5„=o = 0, (11.27) 

which satisfies 

(11.28) 

Thus, 

\u\ = 0(l)e-l^"l/(^'^^), 
which is 0{h°°) in any region — x„ > /i3-'5 for any fixed (5 > 0. 



In the original coordinates, we get the asymptotic solution of (11.20 ) 

n(x;r?';/i) = 6(^,x',r?';/i)es(-V+^^?(^'-''''')). (11.29) 

These solutions can be superposed to build a microlocal Poisson op- 
erator, if we take a = 1, and we get k = 0{h^/^) : hI'^ Hi, where 
we use the modified norm 

\\{hD,.Y{hD~,X-v\\ 

\a\<2 

on with Lp'{dx'dxn) as the underlying L^-norm. This gives in the 
original coordinates. 



||(/iI).')"'(/ie"^^xJ""^^llL2(dx)<0(l)/i^e^ll«ll^3. (11.30) 

|a|<2 ^ 

In particular, 



k = 0{l)h-^e-^:Hl^Hl (11.31) 

with the ordinary H'^ norm. 

We get the approximation to the DN map: 

^approx ^ OvH{e^d~^J{x',Q,i') + ^ ((%„ 6) (x', 0, /i) ) . (11.32) 

Here we must recall that e = — ^i, so the symbol of A/^^^^"^"^ is 
singular in that variable but good enough for our 2-microlocal calcu- 
lus, in view of the fact that e ^ h?/^ and it is a uniformly bounded 
operator: ii^ — )• . 

It remains to study the region 

-hl-^ <r{x',^')- X<6, (11.33) 
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where 6,5 > are small and independent of h. Again, we reduce R to 
the form (11.19) and restrict ^' to a set 

(6,-,en-i) = ^, -hi-'<^,<5. 

We consider (cf ( |11.22D ) 

P{x,C',hD^J -z = {hD^S + ii - XnQ[x,0 - hlw, (11.34) 

and we follow the approach for the exterior problem started in Sub- 
section 8.3 with two not very essential differences: 

• Xn remains real and we study the Dirichlet problem on an interval 
[—6, 0] for < 6 <C 1 independent of h. 

2 

• There will be a slight degeneration when <^ —/is. 

We review the one- dimensional analysis with x',^,' as parameters, 
writing x instead for x„ and Q{x) instead of Q{x' ,Xn,(,')- We first 
assume that Q is analytic. Let xq be the complex turning point, given 
by 

2 

xoQ{xo) = 6 - h'-iw, 
and we let xi x be the corresponding real turning point given by 

xiQ{xi) = Ci- 

Then 

xq = xi — r + 0(ha), where V{x) = xQix). 

V'{xi) 

As in the exterior case we take a null solution of the form u = 
^-^{x\h)/h -^j^ig]^ jg subdominant in the direction of negative x and 
increasing in order of magnitude when x increases. More precisely, for 
X — xi <C —h?^^ we have 

- d.,{^cl)) X |c>,</.| X |x - XI 1 (11.35) 

and for \x — xi\ < 0{h^/^) we have dx(t) = 0{h^/^). 



For X — xi ^ h?/^ (as well as for x — xi ^ —h?/^) we have (8.34), 
where 

-(t^'^ = {ii-xQ{x)-h^l^wYl\ 

and we choose the principal branch of the square root with a cut along 
R_, which has positive real part. Then for x — xi ^> h'^/^ we get when 
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ztQu- > 0: 



^0 = Ti{xQ{x) - Ci + h^^^w)'2 
= ^i(xQ(x) -6)^(1 + 



=Fi(xQ(x) -^i] 



xQ{x) - ^1 
2{xQ{x)-ii)l (xQ(x)-6)^ 



0{h 



It follows that 



/l3 2 

Y wnen x — xi ^ na . 



(11.36) 



X — Xl| 



This quantity dominates over the remainder 0{h)\x — xq\ ^ in (8.34) 
when |x — xo| ^ h'^^^ , 



hi 



- > 



and hence 



|x — Xo| 



ha 



\X — Xq 



— when X — xi ^ /i3 . 



(11.37) 



X — Xl 2 



This is slightly worse than ( 11.35 ) and if that estimate had been valid 
also for X — xi 3> K^^^, then we would get exactly the same estimates 
as in the case of the exterior problem. 

It is natural to ask how much worse (11.37) is than (11.35). Recall 
that we work on an interval [—6,0] and that xi x > —h^~^, so 

2 _ r 

X — xi < — xi < /i3 . Thus we get 



RHS( 


11.35) 


RHS( 


11.37) 



\x-x,\^^_s_ 



ha 



(11.38) 



For —b<y<w<x<Owe have 
1 

C' 
1 , 



\<p'{t)\dt -Ch< -^(l){x) + ^^{y) < / \(l)'{t)\dt, (11.39) 
^'iw)\\x -y\-Ch< r \^'it)\dt < C7(|<A'(I(x,y))||x -y\ + h), 

Jv 

(11.40) 



where z is the point in {x,y} maximizing \z — xi|. 



(|8.40|) remains valid and we even have 



1 -^(-5R0(x)+5R0(?;)) < ha + \^'{x 



h-3+\(^'{y)\ 
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as can be seen by comparing the logarithmic derivative of h^^^ + \(j)'{x)\ 
with —^<p'/h in the region x — xi ^ h?/'^, where (f>"{x) = 0{\x — 
xol"^/^) and ( |ll 36[ ) holds 

The factor in (11.39) gives slight losses in the estimates of Sub- 
section 8^ and we get 

Lemma 11.2 // - z)u = on [-6,0], n(0) = u{-b) = 0, 

then 

\\{h3+\^'\fu\\ + \\{hd,)\\\ + \\{h^ + \^'\)hd,u^ < 0{h-^^)\\v\\, (11.42) 
when > -h'^l^-^. 



Proof. We solve the Dirichlet problem on [—6, 0] as in Subsection 8.3 



and start with applying the natural modification of the operator K: 



Kv{x) 



{x)-<t>{y))/h 



v{y)dy 



(11.43) 



and Lemma 8.6 deteriorates slightly to 

Lemma 11.3 The C{L'^)-norms of (/i5 + \(t)'\) o K, {h^ + |0'|)2 o K 
{hh + \(t>'\)-\ Ko{hl + \4>'\) are 0{l)h-^ . 



Proof. We use Shur's lemma as in the proof of Lemma 8.6, Thus for 
instance, the L^-norm of (/i3 + |0'|) o K is bounded by the geometric 
mean of 



I 



II 



sup 

-6<x<0 J -h 



sup 

b<y<0 Jy 



\hl + |(/.'(x)|)esWW-<^(y))dy, 
\h\ + |</>'(x)|)e^(^(^(")-<^(^))dx. 



Here, by (11.39), (11.40), 



(11.44) 

and we get I = 0{h'^). 



To get the same estimate for II we also use (11.41). The other 



L -norms are estimated similarly. 



□ 



The proof of Lemma 11.2 can now be finished as in Subsection 8.3 



□ 



We next eliminate the analyticity assumption in Lemma 11.2 Let 
xi be the real turning point determined by xiQ{xi) = ^i, so that 



xi < 0{l)h3 ^ . Let X2 = xi — h~i ^. For a large but fixed A^, put 



i-s 



Q{x) 



Q{x), X < X2, 

E0~'^Q^"'KX2){X-X2r, X>X2. 
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Since Q is holomorphic in a /is -neighborhood of xi, we see that 
if P is the corresponding operator then we have a null solution e~'^l^ 
oi P — z with the same properties as e~'^l^ in the analytic case above 
and such that Lemma 11.2 applies. Now Q — Q = 0{l)h^s.~^^^ and 
if we choose N large enough, it follows that P — z has a null solution 
g-^/'i where 



Q-Q, 



([>" - ([>" = 0{h). 



Another perturbation argument shows that Lemma 11.2 holds for P - 
z. 

Let 

^n,i(2j')^') be the real turning point determined by 
-Xn,\Q{x' , Xn,\,0 +6 = 



where we recall that ^ = r{x' ,^') — A. In analogy with (9.3), we can 
reformulate (11.42) as 

\\{hl + \xn - a:„,i|)u|| + \\{hd:y,J^u\\ + \\{hl + |x„ - Xn,i\)^^ {hd^^)u\\ 

< 0{h~'^^)\\{P{x',i') - z)u\\ (11.45) 

for smooth functions u on [—6, 0], vanishing at the end points. Notice 
here that 



Define the B{x' , norm to be the left hand side in (11.45 ) and let 
B be the space of functions on [—6, 0] with finite i3-norm that vanish 
at the end points. Then we still have the symbol property (9.9) for 
P{x',^') : B{x',^') L2 g^^^ ( |9ll| for E = {P{x',^') - z)'^ 

with a slight loss: 

= + |A - r{x',e)\r^\ ^ B. 

' (11.46) 

We get (10.6), (10.7) with loss (due to the non-monotonicity of 

2 ' ' ' / 

A = (/i3 -)- |A — r(x,^')|)2 as a function of x„ between Xn,i and when 
Xn,l < 0): 

h2{hl + |r - A|)t|u(0)| < Ch-^^/^\\u\\B, (11.47) 
h^hi + \r - X\)^hd^„u{0)\ < Ch-^/^\\u\\B. (11.48) 

Normalize (j) by imposing the condition 0(0) = and let Cx'^^' = 
e~h'^ be the null solution of P{x',S,') — z so that ex',('{0) = 1 and 
ex'^^'{—b) is exponentially small. Using (11.41), (11.44), we get (10.8) 
with a 6 loss: 



\ex',i'\\B < 0(l)/i^(/i3 +|r- A|)4. 



(11.49) 



74 



Adding an exponentially small reflected null solution to ex' ^'iid 
renormalizing, we get a new null solution, that we denote by ex' ,i' 
instead of the earlier one, which satisfies the boundary conditions 
— 1) 5) = and which also satisfies (11.49). Then 

we get the weakened version of (10.11): 

\\dZ,dl,ex'^i^'\\B = 0(l)/i^-'^(l'^l+l^l)(/i5 + |r - A|)3-^\ (11.50) 

As a first approximation to the microlocal interior Poisson operator 
on {x; -b < x„ < 0, \x'\ < 0(1)} we take (cf ( |10.12D ) 

K^w = Opf,{ex',^'). 

Then jK^ = 1, (P - z)K'> = Op^,{fx',e), where. 



(11.51) 



and by (9.9), (11.50), 



l|5x'9f,/x',^'|lL2 = 0(l)/i^^-''(l"l+l''l)(/ii + |r - A|)-i-^^ 

Using as a first approximation, we can construct an operator-valued 
symbol E{x' h) such that E{x' , hDx'] h) inverts P{x' , hD^') — z to 
all orders in in h. We get a microlocal Poisson operator to all orders 
in h by putting 

k = K^ -Eo{P- z)K^ = K^ + Op;,(F), 



and r fulfills the slightly deteriorated version of (10.16): 

\\d'^,dl,7y = 0(l)/ii-¥-2<5(i+|«|+|/3|)(/,i + 1^ _ A|)-l-/5i. 



Now K can be written as in (10.17) and we have (10.18). The symbol 
^x' ,£,' +^a:',5' there satisfies 

\\d:,dl,{ex',^' + ?x',i')\\6 = 0(l)/i^i-2^(l"l+l'^l)(/ii + |r - A|)t-^S 

when (5 > is small enough. From this estimate and the similar ones 
in the other regions we get 



K = 0{h-^) : m H, 



(11.52) 



and this also holds for the exact Poisson operator = Ry^. 

The corresponding DN-map is a pseudodifferential operator with 
symbol 

n{x',^';h) = -fhDx„{e + r), 
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and combing the above estimate with (11.48), we get the estimate 



(11.53) 



This is a bounded symbol in the region where h~^^/^\r — \\^/'^ = 0(1), 
i.e. where |r — A| = 0{l)h?^/'^ and to get an better conclusion, we take 
a closer look: 

First, we see that 

7/i^x„e,,,5. = id^^m = 0{l){hl + \r- A|)i 

is bounded. Secondly, from the above estimate on the B norm of r 
and (11.48), we conclude that 

7/iL>^^f = C'(l)/ii-(f+3)^(/ii + |r - A|)-5 



which is also bounded. Thus we have an improvement of (11.53) when 
a = /3 = 0, and we conclude that n is in a sufficiently good symbol 
class to conclude that its quantization is bounded. 

Patching together the different microlocal Poisson operators, we 

3 

get an approximation mod 0{h°°) in C{H^ , H^) of i^m and also the 
conclusion of Proposition |11.1| from the boundedness of the corre- 
sponding microlocal DN-maps. □ 



Let V be as in Proposition 11.1 and let Ry and denote the 



corresponding Poisson and Dirichlet to Neumann operators. Let W G 
L°^(17;R). Then 



K^+^ = - (P. 



V+W 



where in view of (11.52): 
11^ 



^(^3/2^^2) < 0{l)h~l + l\\W\\Loo = O{l)h-^\W\\LO 



Thus M^^^ + B, B = -fhD^A, and we get 



\^\\c{Hl/\Hl) = Oil)h—2-2\\W\\Loo = 0{l)h-^\\W\\Lo 



This implies, 



Proposition 11.4 The conclusion of Proposition 11. 1\ remains valid 
if we replace V in there with V + W , where W G L°^(i7; R) satisfies 



\W\ 



< 0{h). 



(11.54) 
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When W = dQq^j is as in Theorem 2.1, we have (11.54), provided a 



is large enough. See Remark 15.1 



For a greater generahty of our resuhs it is of interest to have a 
the fohowing variant of the last proposition, where the perturbation 
W can be independent of h. We start with some simple exponentially 
weighted estimates. Let (j) G C°°(C';R) and consider 



+ F, 



where 



F 



hD^ + hD 



0{e) : 



Since (Pj 



V 



-1 = C)(/i-2/3) : H° ^ when 1/2 < < 2, 



we get the same conclusion for (Pj 
-ig- ^ provided that e < /i^/^. 



Now, let 



0. Then K^''' = e'^'^^^K^ is the Poisson operator 
for P^'^ — z. We can also get iC^'^ by a perturbative argument, writing 

= + 0{h~lehl) = 0{hl) :HI ^ H^. 

Thus e''?^/''K^(z) = ©(/ji/S) : ij3/2 ^ jj2^ assume that 

= 0(dist (x, 90)^0), 

for some iVo > 0, to be determined. Then WK^ = We'^'^/'^e^'t'/^K'^ 
and taking x dist(-,aC'), e > h'^/^/0{l), we see that We'^'t'/^ = 
O(dist^0e-^''^*/(^'^'^')) = ©(/i^o/^)^ Then as in the discussion prior to 
Proposition 



11.4 



we have K- 



v+w 



KY + A, where 



A = {P, 



v+w 



2 I JVq I 1 3 n 

C'(l)/i-3+— +6 :H2^H^ 



The choice Nq = 3 gives ^ = 0{h^/'^) : H^/"^ and we get the 



following variant and extension of Proposition [11.4 



Proposition 11.5 The conclusion of Proposition \TTA remains valid 
if we replace V there with V + W , where W G L°°(r2; R) satisfies 



W{x) = 0(dist {x,dOf). 



(11.55) 



More generally, we can take W = Wi + W2, where Wi and W2 
fulfill (11.54) (11.55) respectively. 
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12 Some determinants 



Let 



V = Vo + W, 



(12.1) 



where Vq is as in (11.6) and the real- valued term W is 0(1) in L°°. 
We let 



P 



Pn 



(12.2) 



Recall the definitions of Pout, "Pout, 'Pin, P\n in Section [7j with the 
potential V as above. 



Our first task is to define the determinants of the factors in ( 7.19 ) 



Proposition 12.1 The three factors in (7.19) are meromorphic fam- 



ilies of Fredholm operators in the region ^ < 5fiz < 



3 c> 



Co, 



where cq is as in (3. More precisely, 

Voutiz) : H\0) ^ H^{0) X H^^dO) 
are holomorphic Fredholm families, while 

1 



/l2 5Gin Mn-AAout 

is a meromorphic Fredholm family. 



: H^{0) X H^/\dO) ^ H\0) X H^''^{dO) 



Proof. This is clear for Vin, "Pout, and the factorization (7.19) then 



implies that the remaining factor is a meromorphic Fredholm family. 

□ 



From (7.19) and the last proposition, we get 

deiVont{z) = det(Mn - A4xt) detPin(z). 
The next result will permit us to do some analysis. 



(12.3) 



Proposition 12.2 The determinants of the factors in (7.19) can also 



be defined as in Subsection 4-4 
Proof. We have 

d.Viniz) = 



, d^Viniz) = 0. 



(12.4) 



Thus the Cp-norm of dzVmiz) : H'^ ^ x H^/"^ can be bounded 
by that of the inclusion map i : H^{0) — >• H^{0). Here we can 



78 



consider O as a bounded subset with smooth boundary of a torus T 
and choose a uniformly bounded Seeley extension a : H^{0) — t- H'^{T) 
so that i = piT(^, where lt '■ H'^{T) — )• H^(T) is the inclusion map and 
p : H^{T) — )• H^{0) is the restriction map. p and a being uniformly 
bounded, it suffices to study the Schatten class norm of lt- Here 
H'^{T) = {1- h?i^)-'^{H^{T)) so the problem is that of the Cp-norm 
of (1 - /i^A)-! : H^{T) H^{T). 
By Weyl's law we get for p > n/2, 



/•oo 

[i-h'/^r'rc = / (i+/i'A)-w(A' 

Jo 



(1 + h^\)p+ 



-dX = 0{h- 



t2 



p+1 



dt 



and then 



so 



in 1 1 Cp 



0{h' 



), P> 



n 



(12.5) 



This implies that Vm{z) satisfies (4.30) for any p > n/2, so its deter- 



minant can be defined as in Subsection 14. 4[ 

In order to treat the other two operators, we need to collect some 
more information about A^ext- 



Lemma 12.3 For z as in Proposition \12.1\ we have for all s G R, 
k G N." 



+ co/i5)-'') : H' ^ i7«-i+2fc. (12.6) 

Proof. Microlocally near the glancing hypersurface and in the hyper- 
bolic region, this follows from Corollary 10.4 and the Cauchy inequal- 
ities. The extra regularization comes from the elliptic region and here 
Ke^t{z) is the Poisson operator of an elliptic boundary value problem 
and satisfies 



□ 



Applying the lemma io B = B{z) in (7.6), we get 

d^,B{z) = 0(l)/i-5(92 + cohl)-^ : H^{0) ^ m+'^^{dO). (12.7) 

The Cp-norm of the inclusion map H^^^^ — >• H2 is bounded by a 
constant times the Cp-norm of (1 — /i^Agc')"'^ which by Weyl asymp- 
totics is finite and 0{h^^~'^^^P) when p > 1 and p > {n — l)/{2k). Thus 
for each such p, 



d^B G Cp{H\m)^ \\dtB\\c, = Oih—^^—i'^z + coh^-'') 
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It then follows as in the proof of (12.5) that when p > 1 and p > 
n/{2k), 



' n 1, 71 — 1 
p ' 2 p 



(12i 



\\d',VMz)\\c, = 0{h-^^<\ 
Thus we have verified (4.30) with p = (n + e)/2 and det7^out(-z) can 



indeed be defined as in Subsection 14.41 

In that subsection we have seen that if P{z) fulfills (4.30), then 
so does P{z)~^ on the open subset of bijectivity. We also saw that 
if Pi(z) e £(^1,^2), P2IZ) e £(^2,^3) satisfy ( |4.30D , then so does 

ad 




Pi{z)P2{z). H aving checked that Vin{z) and Vout{z) satisfy ( 4.30), we 
7.191) that (1 ^ ^ 1 also satisfies (|4.30|) 



conclude from 



and the proposition follows from Subsection 4.4 



13 Upper bounds on the basic deter- 
minant 

The first task will be to get an upper bound on In | det Pout \ in the 
whole region 

\Qz\ < cohl, ^ < < 2 (13.1) 

by some negative power of /i. As a preparation for that step we make 
the following abstract 



addendum to Section 4.4 Consider a Schatten class perturba- 



tion of the identity, Q{z) = 1 — K(z), where K{z) is holomorphic in 



some domain in C and as in (4.30): 

d^,K{z) G C^ax(i,pA.), 1 < A; G N. (13.2) 

This assumption remains valid if we replace phy N = \p], the smallest 
integer > p and then (in view of the mean value property for holo- 
morphic functions) takes the simpler form 

d^,K{z) G Cjv/fc, 1 < A; < A^, (13.3) 

K{z) G Cn- (13.4) 
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Considering the Taylor expansions (and mimicking the definition of 
modified determinants for Schatten class perturbations of the iden- 
tity), we get 



Q{z) = A{z)B{z), 

A{z) = expF(z), F{z) = K{z) + ... + 



K{z) 



N-l 



N -I 



(13.5) 



B{z) = {1 + Rn{K)K''), 
where \\Rn{K)\\ < C(||i^||). Thus 

\\RN{K)K''\\c,<Ci\\K\\)\\K\\^^, 



so det B{z) can be defined as in Subsection 4.4 The definition co- 
incides with that of determinants of trace class perturbations of the 
identity and we get 

|detB(z)|<exp(C(||i^||)||i^||^^). (13.6) 

As for A{z) = expF(z), we see that F{z) satisfies (13.3), ( 13. 4[ ). 
Moreover from applying dz to the differential equation dt exp{tF{z)) = 
F{z) ex.p{tF{z)), we have 

dz{e^) = /'e(i-*)^(^)(9,F(z))e*^(^)dt G Cn 
Jo 

and from similar expressions for d^{e^) we see that A = satisfies 
pA3l ), (pll). Now, 

„-F 



dze^ = C e-'^{dzF)e'^dt = O.F + /'[e"*^, {d,F)e''']dt, 
Jo Jo 



so 



tTd^-\e~^dzF) = tTd^F, 
which is bounded in modulus by 

0(1) Yl \\d^'K...d^^K\\c, < 



Ni + .. + Nq^N 
Nq>0, q<N-l 



o{i) ii^^^'^i 



(13.7) 



c. 



N/Ng ■ 



JVl + .. + iVg=JV 

Nq>0, q<N-l 



Combining this with (13.5), (13.6), we get: 

Proposition 13.1 Under the above assumptions, 

det Q{z) = I{z)U{z), l{z) = det^(2), II(z) = det Biz), 

where |n(2;)| is bounded by the right hand side of (13.6) and \d^ Inl(z) 
is bounded by the expression (13.1). 
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Assume 



Using the above preparation, we shall derive a rough upper bound 

B{z) 

first that = so that ^ = Vq is smooth. Thanks to the perturbation 



on ln|detPout(2)|. Let P = P + ilo, Vont{z) 




h '^K-„ 



(13i 



is bijective with an inverse E\^{z) = [Gijy{z) 

Gin = Os{l) : H' A'in = Os{h^/^) : 

< h < h{s), < s < oo. This is the inverse of a n ellip tic boundary 
value problem and we see that A/in, defined as in (7.17), is a nice h- 



z] J, where 
for 



pseudodifferential operator on dO of order in /i and of order 1 in 
with leading symbol + (^')^ — z)^^"^, where we use the principal 
branch of the square root with a cut along the negative real axis. This 
symbol takes its values in the interior of the fourth quadrant. Then 



in analogy with (7.19), we have 



1 







h^BGm A/in- TV. 



ext 



(13.9) 



where B was given in (7.6). 



We have already investigated A/^jxt and found that it is an h- 
pseudodifferential operator whose symbol is nice away from Q where 
it becomes exotic but small. Away from that set it is of order (0, 1) 
in (/i, with leading part — z^/"^ . When > its values are 

confined to the first quadrant. 

From this it follows that A/in— A/^jxt is an elliptic /i-pseudodifferential 
operator of order (0,1) whose symbol has a small exotic part near Q. 
Consequently, for every s G R; 



ext • 



H 



(13.10) 



is bijective with a unifo rmly bounded inverse for < h < h{s) <C 1. 
It now follows from (13.9) and from the fact that B = Os{h~^^'^) 



£qj, every s > 0, that 



1 



-{^^in-^fo.t)-^h-2BGin (Mr 





- A4xt) 



Gin - A'in(Mn -A4xt)"^^Gm h '2 Kir,{Min - K: 



(13.11) 
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We conclude that for every s G [0, +00 [, 



H 



s+2 



> H'^ X H^^2 has an inverse 
h-'^K^ut) with Gout = Os{l) -.H'^H 



s+2 



Kout = 0,{h^/'^) : H'+^'^ -+ H'+^, for < /i < h{s) 



(13.12) 



Now drop the assumption that W = and take again V = Vq + W 
where we assume that < 1/C with C large enough. Then from 

(13.12) (where we had V = Vq) and a simple perturbation argument 
we see that 

(13.13) 



Write 
where 



(13.12) remains valid for s = 0. 

[l + }C{z))Vont{z), 



/C(z) 



(13.14) 







Now Pout (-2) satisfies ( 12.8) when p > 1 and p > n/{2k) and hence 
also (4.30) with p there equal to (n + e)/2. Moreover, as in the case 
of "Pout 1 the corresponding Schatten class norm of 9^ "Pout is bounded 
by some negative power of h. Using the bounds on the norm <5out, we 
see that this operator has the same property. Consequently we have 
the same properties for lC{z) and Proposition 13.1 applies and shows 
that det(l + IC{z)) can be defined as in Subsection 4.4 and satisfies 
the upper bound 



ln|det(l + /C(z))| < 0{h-^) 



(13.15) 



for some > 0. Similarly, detPout(-z) is well-defined and can be 
realized so that 

|ln|detPout|| < 0{h-^). (13.16) 



Combining this with (13.14), we get 
Proposition 13.2 3 A'^o > such that 

ln|detPout(^)| < 0{l)h-^^. (13.17) 
We next start a more precise study of det Pout in the region 
1 



2 2 

< < 2, chs < \Qz\ < co/i3. 



(13.18) 



where c > can be chosen arbitrarily small. For that we shall use 
Proposition 12.2 and study the two factors to the right in (12.3). 
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We start with det(A/'in — AAext) and the aim is to write this function 
as a product of two factors, one being holomorphic and non-vanishing 
in the whole rectangle ]l/2, 2[+i] — /i^/^cq, h^^^c^l and the other being 
of the form det(l + T{z)), where T is a meromorphic family of trace 
class operators on dO with poles at <T(Pin) and whose trace class norm 
is ©(/i^-") when > h^/^c. 

Let P = P^ = -h'^A + V, Po = P^° = -h^A + Vo,V = Vo + W 
with Vq as before, W = 0{h) in L°° and we shall have to strengthen 
the assumptions onW . In geodesic coordinates, 

P = {hD^S + R{x, hD,,), Po = {hD^S + M^, hD,.). (13.19) 

Let S ■ ^ C7°°(0) be of the form S = S{x,hD^,) near dO 

in geodesic coordinates, where 5 > has compact support in ^' . In 
the interior of O we arrange by cutting and pasting so that S is a 
pseudodifferential operator in all the variables of order in /i and 
with symbol of compact support in ^. Put 

Pq = Pq + S, P = P + S. (13.20) 

Let X = X{x', G C^{T*dO) be equal to 1 neainuG. Let M = A/in 
be the Dirichlet to Neumann map associated to P — z (and we will 
write P = Pin when we wish to emphasize that we take the Dirichlet 
realization). We start with the trivial decomposition 

J\f = Mxix', hD-,,) + N{1 - x(x', hD^,)). (13.21) 



By Proposition 11.4 the first term to the right is of trace class Ci{H^^^, H 
and the corresponding trace class norm is 0{h^~"') when \Qz\ > h'^^^c. 
Now S can be chosen so that 



Po-z 



is bijective with a uniformly bounded inverse ^Go h aii'o)- Since 
||Vl^||/,oo = 0{h) ^ 1, we have the same fact for 



P-z 



and we let h 2 be the inverse. 
K = ETin satisfies 

K{1 -x) = K{1 -x) + (Pin - zr^SK{l - x). (13.22) 
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Hence 



AA(1 - x) = I + II, I = AA(l-x), 



II = -ihD^{P 



SK{l-x). 



(13.23) 



so 



M = Mq + 0{1)\\W\\l-^ ■ H^/^^H^/^. (13.24) 

Now, as we saw earlier in a slightly different situation, JVq is a nice 
/i-pseudodifferential operator of order ( 0,1) in {h,^')) with leading 
symbol -i{s{x', C')+{^'?-zy/^ and as in ( |l3.10| ) 7Vo-A4xt = ^'+5 ^ 
if*+2 is bijectiv e with a uniformly bounded inverse for < h < h{s) <^ 

I ' — ' 3 1 

1. From (13.24) we get the same conclusion for M — Mc^t ■ — ). . 

We shall next estimate the norm of SK{1 — x) ■ H^^"^ 
and for that we try to "commute" 1 — X ^-^id K and exploit that 
S{l-x) = 0{h°°). From7[K,x] = 0, {P - z)[k,x] = -[P,x]K, we 

set 

[K,x] = -iPin-z)-\P,x]K. (13.25) 

Moreover, 



SKil-x) = Sil-x)K-S[K,x], 



(13.26) 



where the first term to the right is 0{h°°) : H^^^ — )• and we shall 
see that [K, x] = 0{h^/^) : H^/^ H^, provided that VW = 0(1) in 
L°°: Assume 

d'^W = 0(1) in L°°, for |a| < 1, (13.27) 

in addition to the previous assumption that ||W^|| = 0{h). As in 
the remark after Proposition 11.4, this will hold for W = SQq^j as in 
Theorem 12. II 



Lemma 13.3 Under the assumption (13.21), we have 



[K,x]=0(/i3/2): m^H 



(13.28) 



Proof. If Q G Cq°(R^") we have the following representation of the 
/i-pseudodifferential operator Q{x,hDx) in the classical quantization, 
obtained in [1]: 



Q{x,hD) = {—) 



2n 



-1/ 



{Cn-hD^J ^dz^..dz^di ..dr Q{zi, .., Zn,Ci, ■■Xn)L{dz)L{dC), 

SI Sn 

(13.29) 
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where Q G is an almost holomorphic extension satisfying 



d^--^^Q = o((|9^i|..|9z„ii9Cii-i9Cnir). 

From this representation we recover the wehknown fact that Q = 
0(1) : — )■ and for [Q, we get a similar formula with 2n 
terms, obtained by replacing one of {zj — Xj)~^ or {(j — hDxj)~^ by 
{zj - Xj)-^[xj, W] {z, - or (0 - hDx^y^ihD^^ , W] (C, - hD,^)-^ 

respectively. Then from the boundedness of W and VVF we see that 



[Q{x, hDx), W] = 0{h) : L^. 
The lemma now follows from ( |13.30 ) and (13.25). 



Returning to (13.26), we see that 

Sk{l-x) = 0{hl) : hI 



(13.30) 
□ 

(13.31) 



We use this in the expression for II in (13.23) together with the tele- 
scopic formula 



N-l 



{P-z)-' = {P-z)-'Y.(^{P 



to see that 
where 

III(z) = ^hD.iP - z)-i iS{P - zr')''SKil - x) (13.34) 



II(z) = III(z)+IV(z), 



z)-^f + {P- z)-\S{P - z)-^)^ 

(13.32) 

(13.33) 



Af-l 



is holomorphic and 0{h) : H^/'^ — )• H^^'^ in the whole rectangle 

]l/2,2[+i] -/l2/3co,/i2/3g^[ 



IV(z) = -ihD,{P - z)-\S{P - z)-^fSK{l - x). 
Let N be the smallest integer with 



N > 



n — 1 



and assume that 



d^'W = Oil) in for lal < 2N. 



(13.35) 



(13.36) 



(13.37) 



Again this will hold for W = dOq^j as in Theorem 2.1 if a(...) there 
is large enough. Then IV(z) is locally uniformly bounded H^^'^ — >■ 
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^2(iV+l)-3/2 ^ JJ2N+1/2 ^^j^y f^Qj^ ^^p.^) ^^^^ > 1^2/3^ 

3 12 1 

the norm is uniformly < 0(/i2~2~3) = 0{h3). Since 2A^ > n — 1, 
we see that IV(z) G CiiH^/"^ , H^/^) and that when > h^/'^c the 
corresponding trace class norm is < C'(/i3+^~"). Summing up the 
discussion so far, we have 



Proposition 13.4 J\f = A/in can be decomposed as 
= AA + III + (AA - ^/)x + IV, 



(13.38) 



where M = Afo + 0{1)\\W\\L^ = 0(1) : H^/^ H^l^ andll\ = 0{h) : 

^3/2 ^ ^1/2 

are holomorphic in the whole rectangle ]l/2,2[+i] — 

h'^^^CQ,h'^^^Co[, while {M — M)x andV<I{z) are holomorphic away from 
cr(Pin) with values in Ci{H'^/'^ , H^/"^) and 

\\{N-N)x\\c, + l|IV||ci = 0(/i^~"), > h'^'^c. (13.39) 
Now write 



A/^n-M 



ext 



^(z) + (AA-AA)x + IV, 



where 



I(z) ■.= M + III - AAc^t : H'^'"^ H^^^, 



(13.40) 



(13.41) 



is holomorphic, uniformly bounded and uniformly invertible in the 
whole rectangle, and factorize. 



B(z) 



Min-K^t = A{z)B{z), 
l + l(z)-i ((AA-A/-)X + IV) =:l + d{z), 



(13.42) 
(13.43) 



where C7(z) belongs to Ci{H'^/^ , H^/'^) away from cr(Pin) and the cor- 
responding trace class norm is 0{h^~'^) when |$5z| > h'^^^c. 
We conclude that 



ln|detS(z)| < 0(/ii-"), when \Qz\ > h^'^c 



(13.44) 



A{z) in (13.41) is holomorphic in the whole rectange. It follows 
from Lemma 12.3 and the discussion after (12.7) that the Cp-norm 
of a^AAext : H^rr-^ is bounded by a negative power of h when p 
is > 1 and > (n- 1)/(2A;). 

As in the proof o f that lemma, we write d^j\f{z) = Ck'^hDy{P\^ — 
zy^Kin and using ( |l3.37| ) we see that d^Afiz) = 0(1)^ : if3/2 ^ 
^i/2+2fc fQj. 2A: < 2A^ + 2 and hence the Cp-norm of d^M : H^l'^ 
H^^"^ is bounded by some negative power of h when p is > 1 and 
> (n- 1)/(2A;), for k < TV + 1. For = iV + 1 we have k > (n- l)/2, 
so n/{2k) < 1. From ( 13.34 ) we get the same estimates for d^lll. Thus 
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the Cp-norm of d^A{z) : ^3/2 ^ is bounded by some negative 

power of h when p is > 1 and > (n — l)/{2k), k < N + 1. 

In conclusion, dety4(z) and its inverse dety4.(z)~^ can be defined 
in the whole rectangle as in Subsection |4.4[ such that 



ln|detA(z)| = Oih 



for some Nq. 

The desired factorization of det(A/'in — -^cxt) is now 
det(7Vin - AAcxt) = det A{z) det B{z), 



(13.45) 



where det A{z) and its inverse are holomorphic in the whole rectangle 
and bounded from above by C exp(C/i~^°) for some C, Nq > 0. 

Before continuing, we sum up and compare the two main results 
so far. Proposition 13.1, applied to 1 + IC{z) in (13.14), gives 

l + lC{z) = A(z)B{z), (13.46) 

where in the rectangle ( 13. 1| ), 

ln|det^(z)| = 0(/i-^), (13.47) 

ln|det5(z)| < 0(/i"^). (13.48) 

More precisely, B{z) = 1 + Rn{K:)1C^ =: 1 + C(z), where C{z) is 
holomorphic with values in the trace class operators and 

\\C{z)U<0{h-''). (13.49) 

Here, the exponent N may take a new value at each appearance. 
Further (see ( |13.14[ )) 

det Tout = det Tout det A{z) det B{z) 

where det Tout can be defined as in Subsection 

|ln|detPout|| = 0(/i-^). 

On the other hand we have ( |7.19 ), ( |12.3 ): 



4.4 



such that 



detPout(2) = det(Pin(z)) det(Mn - A4xt), 

where 

det(Mn -AAoxt) = det A(z)det^(z), B{z) = l + C{z). 
Here, det A{z) is holomorphic and 

ln|detl(z)| = 0{h-^) 



(13.50) 
(13.51) 
(13.52) 
(13.53) 
(13.54) 
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in the whole rectangle, while C(z) is meromorphic with values in 
Ci{H^^'^ ,H^/'^) with the poles at the (real) eigenvalues of Pin- More- 
over, for > /i2/3c we have \\C{z)\\c^ < 0{h^-"' 



so 



ln|det(l + C(z))| < 0{h^-'') 



(13.55) 



in that region. 



We shall now compare the expressions (13.50) and (13.52). 



In (13.50) the first two factors to the left are well defined up to 



factors of the form expp(z) where p is a polynomial of degree < N and 



as we have seen, we can choose realizations satisfying (13.50), (13.47). 
As for det B{z), defined as a determinant of a trace class perturbation 



of 1 (which is a special case of the definition in Subsection 4.4), we 



only have the upper bound (13.48). 

In (13.52), det7^in(-z) = det(Pin — -z) can be defined as in Subsection 
|4.4| up to a factor e'K.pp{z) as before, in such a way that In | det "Pin] < 
0{h''^) and when > h'^/^/C, we even have In | det Pin(^;)| = 

0(jv_^). This f actor will be further studied below. Similarly, we have 



(13.53), (13.54) and again we define det-B as the determinant of a 



trace class perturbation of the identity. 
When writing the identity 



det Pout (-2) = det Tout det A{z) det B{z) 
= det Tin det A{z) det B{z), 



(13.56) 



it is not apriori clear that we can choose det Pout, det A{z), det A{z), 
det "Pin all satifying the above bounds simultaneously, since we have 
made definite choices of det B{z) and det B{z). However, if we restrict 
the attention to the region \'^z\ > h^^^c we know that B{z)~^ and 
B{z)~^ are bounded in operator norm by some negative power of 
/i, and this additional information implies that B{z)~'^ = 1 + D{z), 
B{z)-^ = 1 + D{z), where D{z) and D{z) are bounded in trace class 
norm by negative powers of h, so in that region we also get 

ln|det5(z)|, ln|detP(z)| = Oih'^). 

Then if we choose the other factors with moduli that have polyno- 
mially bounded logarithms, we can modify one of them by a factor 
expp{z), where p{z) is a polynomial of degree < with real part 
= 0{h~^) and achieve (13.56) in such a way that 

• ln|j;| = 0{h~^) when x = det^, det^, det Pout in the whole 
rectangle, 

• ln|x| = 0{h'^) for | lnz| > /i^/^c, when x = det B{z), detP(z), 
det Pin, 
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ln|a;| < 0{h ) in the whole rectangle, when x = det B(z) 



Moreover, as we have seen, 

ln\det B{z)\ < ©(/i^-"), when \Qz\ > h^'^c. 



(13.57) 



The aim is to study the zeros of det Vout{z) in the rectangle ( 13.1| ), 
using the upper bound (13.17) and the more precise upper bound for 
\'^z\ >_h?/^c resulting from the last expression in (13.56) together 
with (|l3.57[) and the fact that ln|det^| = 0{h'^ 



with det A{z) we can concentrate on the function 

f{z) = det Tin det B{z), 

for which 

ln|/(z)|^0(/i-^). 

Next, look at detVin{z). Let K = 0{h^/^) : 
be a right inverse of 7. Then, 

1 K 

is a bijection with a bounded inverse and 



After division 
(13.58) 
(13.59) 



Pin -2 h-2{P-z)K 
1 



detPin(;z)det (1 /j-iK) = det(Pi 



so 



and since K is independent of z, we can take det ^1 h ^Kj to be 
an arbitrary non- vanishing constant, say 1 and get 

defPin(z) = det(Pin - z). (13.60) 

The method in Subsection 14.41 shows that 



of lndet(Pin -z) = -{N- l)!tr (Pir 



(13.61) 



-N 



is of trace class. 



for N > n/2, so that (Pin - 

Let X £ C'o°(]l/4, 4[; [0, 1]) be equal to 1 in a neighborhood of 
[1/3, 3]. If iV(A) = #(<j(Pin)n] - 00, A]), we get 



5f lndet(Pir 



(N 
{N 



1)! J {X-z)-^dN{X) 

1)! /(A - z)-^x(A)diV(A) 



_(iV-l)! /(A-z)-^(l-x(A))diV(A). 



(13.62) 
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Thus, 

lndet(Pin - z) = I(z) +11(2), (13.63) 

where 

- I(z) = {N- 1)! /(A - z)-^x(A)diV(A) (13.64) 



- 5f II(z) = (iV - 1)! y (A - z)-^(l - x(A))(iiV(A). (13.65) 
Up to a polynomial, we have for 7^ 0: 

l{z) = [ ln(A - z)xiX)dN{\), (13.66) 



where we use the standard branch of In with a cut along ] — 00, 0[. In 
particular, 

m{z) = j In \X- z\x{X)dN{X). (13.67) 
In order to estimate ll{z), we shall use the rough estimate 

iV(A) = 0(/i-"A"/2), (13.68) 



which is valid uniformly for 0</i^l, A>1. It follows from (13.68) 
and an integration by parts in ( |13.65 ), that 



d^Uiz) = 0(/i-") (13.69) 



in the domain (13.1). By integration, we see that we can choose 11(2;) 



holomorphic in this domain such that 

ll{z) = Oih-"^). (13.70) 
This will allow us to replace defPin by expl(z) in the definition of 



f{z) in (13.58), without affecting the validity of (13.59). 

Before that we will discuss some harmonic majorants of Wl{z). 
Recall that if d C has piecewise smooth boundary and if G = Gq, 
K = Kq are the corresponding Dirichlet and Poisson kernels for the 
Dirichlet problem for the Laplacien, then by Green's formula, we have 

K{x,y) = du^G{x,y), 

where v is the exterior unit normal. This still holds when J7 = f]^ is 
the infinite strip {x G C; |9x| < r} and we consider the solutions to 
the Dirichlet problem that are bounded when the data are bounded. 
In the case = Oi we have (see for instance |21j ) that G{x,y) is 
of class C°°(ri X ri) away from the diagonal and there exists Co > 



91 



such that for every r > and ah a, /3 G N, there exists a constant 
C = Ca,0,r such that 

|V^V^G(a;,y)| < Cexp --^|3fix-%|, when \x-y\ > r > 0. (13.71) 

Moreover, 

Grn{x,y) = Ga{-, -) 

1 X 
Krn{x,y) = -Kn{-, -). 

Consider first the function ln|a:;| on fi^ and its smahest harmonic 
majorant there, given by 

Then, ^/;,. := hr — ln|a;| > is equal to — 27rGn^(a;, 0) and we are 
interested in 

27r T It* 

:= = 27ra,Gn.(x,0) = 27riff^, (0, x) = — ^^^(O, -) = -/i(-), 

r r r r 

which is a non-negative function defined on the boundary and satisfies 
d'^fr = C>a(l)r-^-l"le"^'^'''. (13.73) 

Also, 

[ fr\dx\ = 27r, fr{x) = fr{x). (13.74) 

The smallest harmonic majorant in 0,^. of 

(^in := m(x) = ^ x(Aj) In \z - \j\ (13.75) 

is 

hr,in{x) = ^ x(Aj)/ir-(a: - (13.76) 

The function 

^ outside ^^3^^^ 
I /tin in 



is subharmonic, A^^ is supported in dQ,r and equal to 

x{Xj){fr{x - Xj)d{Qx -r) + fr{x - Xj)6{Qx + r)). (13.78) 
If I < a < 6 < 2, we get with 

9r{t) = ^ifrit + ir) + frit - it)) =: ^gi{^-) > 0, (13.79) 
ZTT r r 
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that 



/ A^r{x)L{dx) = 2Tr [ g,- * {xdN){t)dt. (13.80) 

Ja<Six<b Ja 



Notice that gr{t) = ^gii 
(|13.80|) with r = /i^/^c. 



is an approximation of 6 and we wih use 



Returning to (13.58), (13.59), we see that the zeros of / in the 
rectangle (13.1) will not change if we replace detVm in (13.58) by 
expl(2;), so we now redefine / to be 

f{z) = e^^^^ detB{z), (13.81) 

and notice that (13.59) still holds because of ( |13.70 ). Moreover, 



ln\f{z)\=(t>in{z) + ln\detB{z) 



and (13.59) tells us that 



ln|/(z)|<0(/i-^) 



in the whole rectangle, while (13.57) shows that 
ln|/(z)| <0in(^) + O(/i'-"), 



(13.82) 



(13.83) 



(13.84) 



in the part of the rectangle where \''^z\ > h^/^c. 

Clearly, the whole discussion so far remains valid if we enlarge the 
rectangle (13.1) by replacing 1/2 by a slightly smaller constant and 
the bound 2 by a slightly larger constant. We can find a, /3 with 
i - a X 1/0( 1), /3 - 2 X 1/0(1) such that <j);^ > -0{h-^) for 

= a,/3, and ( |13.59 ) tells us that 



ln|/(z)| < hr.{z) + 0{h 



-N\ 



on the same vertical segments, while (13.84) tells us that 
ln|/(z)| </i,(z) + 0(/ii-") 



(13.85) 



(13.86) 



on the horizontal parts of the boundary of [a, /3] + ir[— 1, 1]. By the 
maximum principle, we get in the latter rectangle 



ln|/(z)| </i(z)+0(/i^-"), 

where h is the harmonic function on [a, f3] + ir[— 1, 1] which is equal to 
a constant= 0{h~^) on the vertical parts of the boundary and equal 
to hr{z) on the horizontal parts. Using that r is of the order of /i^/^ 
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together with simple estimates on the Poisson kernel in thin rectangles 
(see [2T|), we see that 



h{z) < 0(l)/i-^exp 



1 



0{l)r 



on [^,2] + ir[—l, 1] and we get the estimate 

ln|/(z)| </i,,(z) + 0(/ii"") 
on the latter rectangle, leading to 

1-n 



ln|/(z)| < ^>,.(z) + ©(/i'"") in the rectangle (13.1) 



(13.87) 



This estimate together with (13.80) form the main conclusion of this 
section. 



14 Some estimates for Pout 

In this and the next two sections we shall construct a suitable per- 



turbation W as in Theorem 2.1 such that we get a lower bound for 



f{z) in (13.58) that matches (13.87). Here z is any given point in 
the set (13.18) and the perturbation will depend on that point. As 



we shall see, this amou nts to getting a good bound on the smallest 
singular value on B (cf (13.53)) or equivalently on that of Tout, or of 

Afin{z) -Afontiz). 

For > 0, let E{n) C L'^{0) be the spectral subspace associated 
to all eigenvalues < fj? of Pout{z)* Pout{z) ■ We shall show that if /x is 
small enough (to be specified below) and u G E{fi), then ||^i||L2(0^\02h) 
cannot be too small. Here we define 



Oc = {xe O; dist (x, dO) > c}, 

when c > 0. 

If li G E{fi), we have u = UjSj, where ei,...,eiv is an or- 
thonormal basis of eigenfunctions in E{p), Poutiz)* Pout{z)ej = t'jej, 
< tj < fi, and 

TV 

\\Pout{z)u\\'^ = {Pout{z)* Pout{z)u\u) = ^ < fJ''^'^ = 

1 

where all norms are in if nothing else is specified. Thus, if u E E{fj.), 
and ||m|| = 1, 

Pout{z)u = V, \\v\\ < fl. (14.1) 
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By standard elliptic estimates combined with the dilation x = hy, 

hDxj = Dy^ , we have 

< Ce{fi+\\u\\L2(^o^,\02H))^ 

for every fixed 6 with < 9 <^ 1. 

Let X £ C'^(C'(;^_|_0)^; [0, 1]) be equal to 1 on ^-nd satisfy 

= a G N". Let L = be a Lipschitz contour as in 

and around (5.31) with 9 = ir/S. Let Pext be the Dirichlet realization 
of PonryOa/i- Then 

(Pext -z)il- x)u = (1 - x)v - [P,x]u, (14.3) 

where we let u also denote the outgoing extension of u which is wellde- 
fined since u G I?(Pout(-z)) and where v also denotes the extension. 
Similarly, 

(Pin - z)xu = xv + [P, X\u- (14.4) 

If V vanishes outside 02h, we know from Section^ (with O there 
replaced by 02h) that ||(Pext - 2)"^ ||z;(l2^l2) = 0{h^/^). More gen- 
erally, we shall assume that 

\\V\\L^iO\oJ « h'/^ (14.5) 



and we notice that this holds for V = Vq + 6Qquj in Theorem 2.1 



if a is large enough. Then by a simple perturbation argument, the 
preceding estimate on the exterior resolvent remains valid and we get 
from ( [T42| ), f\A^ , 

h^\{l-xMmo)<0{l){fi+\\u\\L2^o,AO,,))- (14.6) 
Similarly, by using that ||(Pin — z)~^\\^i2^i2-^ we get 

WxuWl^o) < 0{l){p + \\u\\L2(^OH\02h))- (14-7) 
Combining the two estimates and recalling that ||n|| = 1, we get 

hi <0{l){f,+ \\u\\L2^o,\02,))^ (14-8) 

and if /Lt < /i^/^, 

for all u G -E(/u) with ||ii||i2(0) = 1. 
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Next we make a remark about the regularity of of elements in 
E{fi). Assume that for some fixed s > ^, we have V = Vi + V2 

\\Vi\\Hf+h''^\\V2\\H^^ <0{1). (14.10) 

When V = Vq + W = Vq + 5@q ,,, is a potential as in Theorem |2.1[ we 
take Vi = Vo, V2 = W and get ( 14.10 ), provided a{n, vq, s, e, 9, M, M) 
in (2.7) is large enough (cf Remark 15.1 ). So far we have systematically 
used the semi-classical Sobolev spaces = Hf^ but in (14.10) we also 
use the standard Sobolev space H'^ = Hf (with h = 1). Following 
standard conventions, we let 

H^(0) = {ue H^{TC); suppu C O}. 
If n = J2iUjej G E{^), we have {P*^^Pont)''u = J2i ifujej, so 

||(P„*,tPout)'n|| < /x^'^llull, kGN. (14.11) 

We will assume that /i = 0(1) and limit the attention to A; in a 
bounded interval, so the right hand side of (14.11) will be 0(||?i||). 
We study apriori estimates in the interior. Let Q2 C f^i C O be open 
with dist(J]2,C0i) > h/C. If Pout w = v, u,v e H^i^i), < a < s, 
we can write —h?Au = v + [z — V)u =: w, where 

\\w\\Hi{n^) < C(l)(ll^'ll/f-(Qi) + \W\\H^^ini)) 
and standard apriori estimates for —A (after the dilation x = hy) give 

\MH^+\n2) - + \\u\\H-{ni))- (14.12) 

If s < cr < s + 2, we only get 

Mff^^+^m ^ + \\u\\H-{ni))- (14.13) 



The same apriori estimate holds for Pout- 

We shall now use these estimates to study elements of E{fi) and 
first assume for simplicity that ( |14.10 ) holds for all s > 0. From 
the fact that {P*^^Pont)''u = Ok{l)\\u\\ in H°{0) for ah /c G N we 
first infer by integration by parts, that Pout (Pout ^out)'^""'^^ = 0(1) in 
H^{0). Using the apriori estimate for P^y^, we get 



||Pout(Po*ut^out) ^^11^2(0^/^) - 
O(l)(||(P*,tPout)'n||^,0(o) + ||Pout( ^out-fout) 



\A:-1 



U 



Iho(o)) < 0(1), 



96 



and using the one for Pout, we get 
\\{PLtPont)'-'n\\HHO,,a) ^ 

O(l)(||Pout(Po*ut^'out)'n||H0(O) + \\iP:niPont)'-'u\\j,o^a)) < 0(1). 

Thus for all A: G N, 

mntPontMH^o./c) + II ^out (Po*ut^out )'n|| ^2(0,^^) < 

Here we use again the apriori estimates for P*^^ and Pout and get that 
for every A: G N, 



(P*,,Pout)'=^||H4(0,,/e) + ll^out(Po*ut^'out)'^n||^4(o^,^^^) < 0{l). 

Iterating this argument, we get for every j G N that for every /c G N, 

||(P<:,tPout)^||H2.(0,,,/e) + ll^out(Po*ut^out)^||H2.(0,,,/o) ^ ^(1)- 



~l" Pout (Pnut Po- 



Now if we make the assumption (14.10) for a fixed s > n/2, we see 
that the above iteration works as long as 2j < s + 2, then if this last 
j is strictly less than (s + 2)/2, we can make one more iteration and 
reach the degree of regularity s + 2. Hence the final conclusion is that 
if /U = 0(1) and we assume (14.10) for a fixed s > n/2, then for every 
C > 0, we have 

ll(^out^out)'u||j,.+2(o,/^) + ||Pout(Po*ut^out)''n||H.+2(o,/^) < 0{1). 

(14.14) 

We end this section with some estimates relating the small singular 
values of Pout (2) to those of "Pout and when z belon gs to th e set ( 13.18 ), 
to those of A/in - AAout and of B{z) = 1 + d{z) in ( |l3.42| ) and jlSAsl . 

Recall that Voutiz) is bijective precisely when Pout(-z) is, and when 
so is the case it easy to check that 



Voutiz 



,-1 



Pout(^)-^ {l-Pout{z)-HP-z))h-2K], (14.15) 



where we recall that K = 0{h^/^) : H^l^ is a right inverse of 

B. 

Recall that when A : Tii ^ I-L2 is a bounded operator between 
two Hilbert spaces, then the singular values si{A) > S2{A) > ... are 
defined by the fact that Sj(A)'^ is the decreasing sequence formed first 
by all discrete eigenvalues of A* A above the essential spectrum and 
then (when ^1 is infinite dimensional only) by an infinite repetition of 
sup o"css(^*^)- It is well known and easy to see that the non vanishing 
singular values of A and of A* are the same. 
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We have the Ky Fan inequahties 



Sn+k-liA + B)< Sn{A) + Sk{B), 
Sn+k-l{BA) < Sn{A)skiB), 

in the cases when B : Hi — 'H2 and — >■ respectively. 
Applying this to ( |14.15 ), we get 



(14.16) 



Sj[Vout{z)-^) > Sj{Pont{z)-^). (14.17) 

If Hi : X i?V2 ^ ijo . jjo X ^ g^j.g natural 



projections (of norm 1), we can rewrite (14.15) as 

Vontizy^ = Pout(^)~'ni + (1 - Pont{z)-Hp - z))h-^/^kii2 
= PoutizrHui - (p - z)h-^/^KU2) + h-^/^Kn2, 



which leads to 



Sj{Vout{z)-^) < 0(1)(1 + S,(Pout(^)-')) 



(14.18) 



We now restrict z to (13.18) and consider (7.19) which can be 
written 



Voutizy^ =Vn 



1 







(Mn-AAext) 



-1 



1 

-h^BGi, 







(14.19) 



and also 



Here the operator norms of and h^^^BG-m are 0{h~'^/^). From 



( |14.19D we get 

Si(T'out(^)-') < 0(/i-5)(l + Sj((A/-in -A4xt)-')), (14.21) 



while (14.20) leads to 



si((AAin - A4xt)"') < 0(/i-i)s,(Pout(^)"'). 



(14.22) 



Finally, from ( 13.42 ) , ( 13.43 ) and the uniform boundedness of A{z) 
and its inverse, we get 

s,-((Mn -AAext)-') sj{B{z)-') = sj{{l + d{z)r'). (14.23) 

When A : T-Li — ?■ ^2 is a Fredholm operator of index 0, we let 
^1 < ^2 — ••■ with tj > describe the lower part of the spectrum of 
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A* A in analogy with s|. Again tj{A) 



tj{A*) and when A is bijective 



we have tj{A) = l/sj{A~'^). 

Let be the number of singular values < ti < ... < tjy of 1+C{z) 
that are < 1/2. If ei, ...,e7v is a corresponding orthonormal family of 
eigenfunctions of (1 + C{z))*{l + C(z)), then ||(1 + d{z))u\\ < l\\u\\ 



and consequently ||C(z)ti|| > oll^lli for all u G Cei( 



)CeN- By the 



mini-max characterization of singular values, we get si\i{C{z)) > 1/2 
and using that the trace class norm of C{z) is we conclude 

that N = 0{h^-'^). Combining this with (|14.23[), (|l4.2l[), (|14.17[), we 



see that there exists a constant C > such that 



tj{Pout{z)) > hl/C, for j > Ch'-''. 



(14.24) 



15 Perturbation matrices and their sin- 
gular values 

We shall use a general estimate from ^9j. Let ei,...,e]\f G C^{Q) n 
L^(0), where Q C R"" is open. Let Sq = {{ej\ek) L^(^Q))i<j,k<N be the 
corresponding Gramian and let < ei < ... < ea? be its eigenvalues. 
Then (see [l9], Proposition 5.5) 3ai, ...,aN G ^ such that the singular 
values si > ... > sn > of the N x N matrix M = Mg^, given by 

N 

u=i 

satisfy the estimates, 

(El ■ .. ■ En)^ 



vol (O) 




Here Ej = ei + ... + ejy+i-j, and we write 6a = ^i' ~ '^v)- 

Let ei,...,e7v be an orthonormal basis in E{fi), /x ^ /i^/^, and 
choose Q = Oh\02h, = CjIq. Define £q as above and let ai, oat G 
be a corresponding set of points. The eigenvalues ej and the sin- 
gular values Sj = Sj (Ms^ ) remain unchanged if we replace ei, ...,ej by 
another orthonormal basis in E{ji). 



Applying (14.9) to u = Yl'^j^j^ when u := [ui, ...,unY is nor- 
malized in f, we see that £n{lt\lt) > h^)^/0{l), so Ej > [N - j + 
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l)/i^/'^/C'(l). Thus, for a suitable choice of ai, un £ i}, we get after 
a simple calculation: 



(N\)n , 4 



Sfc > Si ^"''■+' /l3 iV-fc + l (ATI) iV-fc+1 C N-k+1 . 



(15.1) 



(15.2) 



We will also need an upper bound on si = si{Ms^). Let s > 
n/2 and adopt the assum ption (|14.10 ). If "it = (ui, .., li^v)*, if = 
(vi, .., f at)* are normalized, ( 14.14) with k = implies that ||^i||_H's(c'^/(;j), 
1 1'" 11^^(0^/0) ^'^^ ^(1) when u = X^^j^' ''^ — Yli'^j^j ^"^^ from 
Proposition 6.1 that uv = 0(/i~"/^) in Hf^(0). Furthermore, we know 
from [19J that ||(5a|U-./o ^ = 0{Nh-''/'^). Hence, 

h ^ h/C) 

{Ms^U,v) = JSaUvdx = 0{l)\\5a\\H-s^-^^^J\uv\\Hf^^0njc) ^ ^(l)^^^"", 

and varying ti, t; we conclude that 

si(M5j = IIM^JI < 0(l)iV/i-. (15.3) 



Using this in (15.2) gives 



JV+fc-1 AT _^ 

Sk{MsJ>C N-k+ie N-k+iJSfh N-k+i . 



(15.4) 



If we restrict k to the range 1 < A; < ON for some < ^ < 1 , we get 



1+9 



(15.5) 



Recall the form of the perturbed operator in ( |2.3|) , ( |2.4| ), ( |2.5| ), 
where 6 G C°°(0) is also described. Clearly, x 0(/i) := /i"" in 
Cfe \ 02/1- The potential 6a/ Q satisfies 



N 



As in [19], (6.15)-(6.18), we get the decomposition 
Q~^6a = q + r, ak^k, 

tJ'k<L 



where 



< 



CN 



N 



e(/i)/i"/2' 



(15.6) 

(15.7) 

(15.8) 
(15.9) 
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||a|L2 < . (15.10) 

~ e(/i)/i"/2 

We also denote by Q the zero extension of G to all of R". Under 



the assumption (2.4), we have for \a\ =^0 + 1, 



(15.11) 



where fa G C^{0)lo and ga is a smooth boundary layer (g C°°(9C')(X 
S{uj{x)) where oo G C°°(R";R), ^-^0) = 90, / on 90). Us- 
ing the strict convexity and stationary phase, we see that QaiC) = 
0{{(,)~^^~^^^'^) and by integration by parts, it follows that 



e(0 = o(i)(0 



-vo-l-{n-l)/2 



Here the hat indicates the ordinary (/i-independent) Fourier trans- 
form. In the following, we shall assume that 



and then 



n 1 

-<s<vo + -, 



G G HfiO). 



(15.12) 



(15.13) 



From [20J, we recah that if s > n/2, u G i?*(R"), v G H'^iW) for 
some a G [—s, s], then uv G -ff°"(R") and we have 



\uv 



Ih^ < 0{l)\\u\\Hf\\v\\HZ. 



From ( 15.7 )-( 15.9), we now deduce that 

5a = Qq + r, r = Gr, 



where 



N 



,,,,^-,,,,o(i).-(-t-._, 



CN 



(15.14) 

(15.15) 
(15.16) 



We also need to control the i7^(0)-norm of Qq. Recall from |191 [20l 



that 



\Q\\H^,iO) < Yl \o^k\'{^^kf' < 0(l)L2^||a||2„ 



SO 



\\@q\\Hf^iO)<0{mq\\H^^(0)<0{l)L\ 



N 



(15.17) 
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and in particular, 



\\eq\\L^(o) < 0{h-'l)\\@q\\Hs^a) < 



+s+e 



N 



e{h)h''' 



From (15.15) we deduce (as above for Ms^) that 
IIMHI < 0(l)||f||^-.(gj./i-t < 0(l)L-(^-t-^)^ 



(15.18) 



(15.19) 



and returning to the decomposition ( 15.14) and the lower bound ( 15.5 ) 
we get for 1 < /c < 6IA^, < < 1: 



Sk{M0q) > C'^e'^Nh^=<r _ 0(1) 



N 



(15.20) 



The lower bounds on L will imply that the first term to the right 
dominates over the second. 



Remark 15.1 For a general perturbation W = 6Qq^ as in Theorem 

(15.21) 



2.1, the discussion above shows that 

WWhIcr.") < 0{5)L'\\a\\i2 < 0{6)L'R, 



provided that ^ < s < vq + ^. 



16 End of the construction 



To start with we choose z in the full rectangle (13.1) and later on we 
will restrict the attention to c/i^^^ < \Qz\ < cohF^. We recall that 
'Pout{z) is an elliptic boundary value problem in the semi-classical 
sense in the region |^'| S> 1. It follows that 



\u\\H2<Oim{P-z)u\\ + \\u\\ 



(16.1) 



for u £ !D(Pout(-z))- From this estimate we see that the small sin- 
gular values ti(i-'out(-2)) < t2{Poutiz)) < ... are of the same order 
of magnitude as the small singular values tj in the L^-sense defined 
as the square roots of the small eigenvalues of -Pout (-z)* -Pout (-z) where 
Pout(-z)* is the adjoint of Pout{z) as a closed densely defined operator: 
L?'{0) —7- Lp'iO). This follows from (16.1) and the mini-max char- 



acterizations of tj and of tj. In this section it will be convenient to 
work with the tj and we shall drop the tildes in order to simplify the 
notation. 
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Recall that @{h) = h^^. Let tq e]0,h'^/^ /0{1)] and let N be de- 
termined by 



< tl(Pout) < - < tNiPout) < TO < tN+liPont), 



(16.2) 



SO that N < 0{h^ ") in view of (14.24). The basic iteration step (cf 
Proposition 7.2 in [19]) is 



Proposition 16.1 Let < 9 < 1/2 be the parameter in (2.6), let 
6 €]0,^[ and k > 0. If N is sufficiently large, depending on 9, only, 
there exists an admissible potential q as in \2.^ with L = Lmin o,nd 
R = i?min (o-s introduced in and after (2.6)), such that if 



Ps = P- SOq, 6 = C-^h'^To, (16.3) 
C ^ 1, a > a{n, vq, s, e, 9, 9, k) large enough, then 

tu{P5,out) > t,{Pout) - O(l)<5iV/l-(t+-+^)A^.nin-.0-n^ 1/ > AT + 1, 

(16.4) 

tu{Ps,ont) > roh''^ [(1 - 9)N] + l<u<N. (16.5) 

Here we put N2 = a + + 2n9)/{l - 29) + k and let [a] = max(Zn] - 
00, a]) denote the integer part of a. 

When N = 0{1) we have the same result provided that we replace 
(16.5) by the estimate t]\f{Ps,out) ^ T^h^"^ . 



Proof. The estimate ( |16.4[ ) follows from the mini-max characteriza- 
tion of singular values, which gives 



tu{P5,ont) > tuiPout) -6\\@q\\L^, 



(16.6) 



to which we can apply (15.18). 

Let ei, eN S L'^{0) be an orthonormal family of eigenfunctions 
of P*ytPout, corresponding to the eigenvalues t\, ...,t\j. Using the sym- 



metry of Pout, established in Proposition 7.4 we see as in [19j that a 



corresponding family of eigenfunctions of Pout -Pout is given by 

fj = Tcj, 

where V denotes the antilinear operator of complex conjugation. The 
fj form an orthonormal family corresponding to 

^(^'outPo*ut)n[0,r2[= 



Let En = Ce,-, Fn = ©f C/^. Then Pout 
P/v — ^ En have the same singular values ii, 
^ L^{0), by 



and P 



out 



En — > P/v 
, t AT . Define 



P+ : L\0) 



yC^, R 



N 



{u\ej), R-U- = ^u_{j)fj. 
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-Pout ^- 

R< 



Then 

V = 

has the bounded inverse 
where 



) : P(Pout) X ^ l2 ^ (16.7) 



\E\\ < < — , E+v- 

tN+l To 



E E+ 

E^, 



N 



(16.8) 



Y,^+{j)e„ E.v{j) = {v\f,), (16.9) 



and E |_ has the singular values tj{E |_) = tj(Pout) or equivalently, 

Sj{E-+) = tN+l-j{Pout)- 

When is large, we consider two cases: 

Case 1. Sj{E^+) > tq/i^^ for 1 < j < iV - [(1 - 9)N]. We get the 
proposition with q = 0, Ps = P. 

Case 2. Sj{E^+) < tqU^^ for some j < N - [(1 - e)N]. Put 
Pg = P -\- 5Qq with q as in Section 15 From (16.3) we deduce that 

(16.10) 



e(/i)/i" 2 



and then by (15.18) that (5||Gg||Loo < to/2. We can therefore replace 
-Pout by P^^out in (16.7) and still get a bijective operator 



with the inverse 
As in [19], we have 



PSfiVLt P- 

R+ 

E^ E{ 
E^ E^ ^ 



Et+ = + 6E.QqE+ + 6^E_eqEQqE+ + 

oo 

E^ = E + Y^6''E{eqE)'', 

1 

oo 

Ei = E+ + Y,SHEeq)''E+, 

1 

oo 

Et = E^ + ^5^E^{QqE)^. 



(16.11) 
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Here \\E±\\ < 1, ||£'|| < I/tq and in view of ( 16.10), we have 5||0g||Loo < 
tq/2, leading to: 



= E + 0( 



,i 5\\eqh 

'to To 



Ei = E^ + 0{ ^\\^'}'- ), 



Et=E^ + 



To 

To 



(16.12) 



E' 



+ 



E_+ + 6E_eqE+ + 0{ 



{S\\Qq\U 



To 



-)■ 



The leading perturbation in E^_^_ is 6M = 6E-QqEj^, where M 
Meg : 



C has the matrix 



Mj^k = (Qqeklfj) = j QqekCjdx. (16.13) 
From the Ky Fan inequalities, we get 

■ {mq\\L^)\ 



6sk+i-i{Meq) < Sk{E%) + se{E^+) + 0(- 



TO 



which we write 



SkiEi^) > 6sk+i-i{Meg) - se{E-+) - 0{ 



{5\\Qqh 



To 



(16.14) 



Let ^ = - [(1 - e)N] so that si{E^+) < tq/i^^ ^nd let A; < - [(1 - 
0)N] so that 

k + e-l< 2{N - [(1 - e)N]) - 1 < 29N, 



for large enough. Here, 29 < 1, so we can apply (15.20) with 6 

it 

(16.15) 



there replaced by 26 and get a q as in the proposition such that 

N 



Then (16.14) gives 



Sk{E%) > 5N 



|+2n8 

h i-2e 



Oil) 



-To 



is\\eq\\ 



C{9) L^-t"^e(/i)/i" I 'To 

(16.16) 

Here we notice that with our choice of L = L^i^ large enough, we 
have 



Oil) 



\+2ne 



< 



h 1-29 



L^-t-^e(/i)/i" - 2Ci9). 
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Thus for A: < iV- [{l-e)N]: 



20(9) 



To 



and using (15.18): 



-h 1-29 



0(1)- 



h 1-20 \J. /)-^l2- 



2(7(6*) To 

> SN{ ^ - ^^ilM/jl-3n-2..o-2(t+s+e)Af) 

2C{9) To 



roh"^^ 
- roh"^^ 



6N , 5+2"fl , 



(16.17) 



where the last estimate fohows from the choice of 6 in (16.3) and we 
recah that a is large enough. 

Here by the choice of A''2 the last term is subdominant when h > 
is small enough and we get 

Sk{Ei+) > Toh^\ for 1 < A; < - [(1 - 9)N]. (16.18) 

After an arbitrarily small abstract perturbation of -P^^outj we may 
assume that this operator is bijective, and we can then write the stan- 
dard identity 

5,out 

and apply the Ky Fan inequalities to get for 1 + [(1 — 0)A^] <v<N: 
SuiPsiJ ^ + \\Ei\\\\E'_\W{{E'_^)-') 

<0{l) ^ 



To 



since s^((^i+)~^) = l/sN+i-u{Ei^) and 1 < iV + 1 - < - [(1 



6)N], or in other terms, 



> 



To 



/l^2 



0(1) 



This is (16.5) apart from the factor 1/0(1), which can be eliminated 
by increasing N2 slightly. 

When N = 0(1) we consider the two cases si {E_+) > To/i^2 and 

si{E |_) < Toh^^. In the first case we take the perturbation as 

before. In the second case, we repeat the proof above with k = i = 1 
and reach first (16.18) with k = 1 and finally (16.5) with v = N. □ 



106 



Remark 16.2 1) In the proof we have seen that (5||0(?||loo < to/2 
and (16.6) shows that 



2) From ( |16.10[ ), ( |15.17D , we get 

\m < O(l)ro/it. 



3) Let s > ^ + 2N, where N is the smallest integer in 
If we choose a in (2.7) sufficiently large, then 

\\6Qq\\Hs<0{h^). 



1 "^1 
I 2 ' 



+00 



We see that the perturbed operator Ps satisfies the general as- 
sumptions of our discussion, including (11.54), (13.37), (14.10) for 
W = 6Qq. 



The last remark shows that we can apply Proposition IT6T to Ps, 



out 



with To replaced by tqU^^ and replaced by an A^new < [(1 — ^)-^]- 
The procedure can be iterated at most 0(1) In ^ times until we get a 

perturbation Pfinai,<5,out with ti(Pfinai,5,out) > tq/i*^^^) ^ . Thus in the 
end we get 



Proposition 16.3 Let Q < 9 < 1/2 be the parameter in (2.6) an d le t 
To G]0,/i^/'^]. Then there exists an admissible potential q as in (2.5) 
with L = Linin and R = i?min (as introduced in and after (2.6)) such 
that if 

Ps = P + 6eq, 5 = C-^h'^To, (16.19) 
C ^ 1, a > a{n,VQ, s,e,9) large enough, then 

ti(P5,out)>ro/i^^')''^i (16.20) 
From (14.22) we get for the special perturbation above 

0(1) 



Si((Mn-AAext)-') < 



< 



and (14.23) then gives 

si{{l + C{z))-')< 



0(1) 



(16.21) 



(16.22) 



Now, we recall from Proposition 13.4 and ( 13.42 )-( 13.43) that 

d{z) =0{1) : m ^ m (16.23) 
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in addition to the fact that the trace class norm of the same operator 
is 0{h^~"-). We now work with H^/^{dO) as the underlying Hilbert 
space and let C* denote the adjoint of C. Consider, 



det(l + = det(l + C7*)(l + C) = det(l + D), 



(16.24) 



where D = C + C* + C*C is self-adjoint, 0(1) in operator norm and 
0{h^~^) in trace class norm. Let Ai, A2, ... denote the non-vanishing 
eigenvalues of D, so that 



(16.25) 



by (16.22) (which is a bound on the norm of (1 -|- C)^^). We also 
know that ^ |Aj| = ©(/i^""), so there are at most 0{h^~^) values j 
for which |Aj| > 1/2. Thus we get from (16.24): 

|det(l + a)|2 = n(l + A,-) 

= n (i+A.) n (1+^^) 



i;|A.I<| 



> 



J^^20(l)lnl 
0{1) 



n ^ 

i;|A,|<i 



0{1)|A,| 



Since E |Ajl = ©(/i^""), we get 



ln|det(l + C)| > -C'(/i^-")((ln 



h' 



To 



(16.26) 



Now return to the function f(z) that was (re)defined in (13.81). 
From (13.82), (16.26) and ( 13.84| ) we get for our special perturbation 
V = Vq + W (where W depends on z with c/i^/^ < \'^z\ < coh"^^^): 



[z) - 0(/ii-")((ln \f + In -) < In |/(z)| < 0in(z) + 0{h 
h To 



1— n\ 



(16.27) 

Here the upper bound is valid for all perturbations F of Vq in our class 
independently of z with \^z\ x h?^'^ /C^ while the lower bound is valid 
for our special z-dependent perturbation. 

(/)in (cf. ( 13.75 )) is defined in terms of the interior Dirichlet problem 
for the perturbed potential Vb + where W also depends on z, and 
we would like to replace this function by one which is independent of 
the perturbation W . To emphasize the presence of the perturbation 
we write 
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for the function in (16.27), and 



for the corresponding function, associated to the unperturbed operator 

pin 
M) ■ 

From the mini-max principle, we get 

|A5-A°| < llT^lloo. 
For |$52;| > r, < r < 1, we see that 

||^(x(A)ln|z-A|)|<0(l), 



so 



|x(A5)hi|z - aJI -x(A°)ln|z - A°|| < 0{l) 



\W\\ 



The number of eigenvalues of P^^ and of P^^ in suppx is ") and 
it follows that 



t{z)-<t>l{z)\<0{l) 



\W\\ 
rh^' 



Here we take r x /i^/^ as in ( 16.27). From the second part of Remark 



16.2 we know that W = SQq satisfies 

llt^lloo < 0{l)h-^\\W\\Hi < O(l)ro 



and thus 



Az)-^^iz)\<Oil)Toh-r 



In Proposition 16.3 we have assumed that < tq < h^^^. We now 
strengthen that assumption to 



Then, 



and we obtain 



TO G]0,/lS]. 



Proposition 16.4 In (16.21) we can replace 



in 

tion (p^^, defined for the unperturbed operator P^^ as in (13.75). 



(16.28) 
(16.29) 

if^ by the func- 
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17 End of the proof of Theorem |2.1 



and proof of Proposition 2.3 



Let (j)^^ be defined in ( 13.75[ ) with respect to the unperturbated oper- 
ator P^^. With r = hF^^^/A, let = be the harmonic majorant 
in Q.r and define <I>^ = as in (13.77). Recall that / is defined in 
(for the perturbed operator Since '^^ 



13.81 



16.29 



= 0(/ii-«) by 

, we have the same estimate for hr — and hence for (^r — ^^- 



hen by (13.87) we conclude that 



ln|/(z)| < ^>°(z) + C'(/i^-") in the rectangle ([TO. (17.1 



For each z as in ( |13.18 ) we have constructed a perturbation W = 
6@q as in and after (2.6) with L = L^i^, R = i?min such that (cf 



Proposition 16.4) 



0(/ii-")((ln^)2+lnl)<ln|/(z) 
h To 



(17.2) 
(17.3) 

ln|/(z)| <$0(z) + /i-"eo(/i) (17.4) 

for all z in the rectangle (13.1) and so that for every z as in ( 13.18| ), 
there is a perturbation as in (17.2) such that 



Let 



so that 



eoih) = Chi{lnlf + ln- 
h To 



ln|/(z)| >cDO-/i-«eo(/j). 



(17.5) 



If we fix such a value of z and work in the a- variables, we are in the 
same situation as in Section 8 in [19] and we can apply Proposition 
8.2 and Remark 8.3 of that paper to obtain 

Proposition 17.1 Let e > be small enough so that e exp(C'(eo)/i~") < 



1. For each z as in (13.18), we have 



P(|/(z)|<e*^e)<0(l)^exp(^ 



In e 



(17.6) 



O(l)eo(/i) 

Here Nq = max(Af3, N^), where N3 = n{M + 1), N^, = + M. (Cf 



(2.9).) 



If we write e = e "^Z^" , then the condition on e is fulfilled when 

e> Const, eo (17.7) 
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and (17.6) becomes 



(17i 



Let ^ < a < 6 < 2 and put r = [a, 6] + ihh[-l, 1], r = h'^/^c/A. 
We shall apply Theorem 1.2 in [21] to the function u = f, with h there 
replaced by /i" and with cj) = h'^^r- Let 

2 1 2 2 1 

= max(4c/i3 - -(t - a), h3c/2, ich^ - -(b-t)), a<t<b, 
and define the function r : (9r — )-]0, oo[ by 



= p(SRt). 

Then r has Lipschitz modulus < ^ and this will be our function "r" in 
[21] . Choose points zj*, G 9r as in the introduction of pT]. This 
can be done in a such a way that IQ^;^ | = /i^/^c for all j. Moreover, we 
see that N x and further A^>j. = in D{zj, r{zj)) except for at 

most 0{1) values of j . Let zj £ D{zj , r{zj) / {2Ci)) be as in Theorem 
1.2 in |21j . where we recall that these points depend on <!>,., r,r but 
not on the function /. Moreover we notice that Ci can be chosen 



arbitrarily large. Then according to (17.8) we have 



>e*'-(^^-)-'^, j = l,2 



, ^, . .. , 



N 



(17.9) 



with probability 



eojh) 



e o{i).oW (17.10) 



Here we recall that (17.7) holds and that |/| < e^r+i^/h" -j^ ^ neighbor- 
hood of r. Theorem 1.2 in |21j then shows that with cr{Ps) denoting 
the set of resonances of Ps, 

\#{aiPs)ni[a,b]+ihh[-l,0])-^ [ ^ A$OL(dz)| 

J [a, b]+ihTSc[- 1,1] 



< 



C2{Y. I . 2 2 AcI>0L(dz) + /.-"5;?), 

^^^^^J[w-Ch^ ,w+Ch^]+ih^c[-l,l] ^ 



(17.11) 



with a probability as in (17.10). Here we assume for simplicity that 
c <C C( 
above. 



c <C Co, otherwise we have to slightly modify the choice of p,r,Zj 
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Now recall ( |l3.80| ) where grit) = r"'^giit/r), < gi £ cS(R), 
J gidt = 1. With Nq denoting the eigenvalue counting function for 
, we get with probability as in (17.10), 



ma{Ps)n{[a,b] + mc[-i,o]) 



gr*ixdNo){t)dt\ 



< 



w=a,b 



w+Ch^ 



(17.12) 



gr*ixdNo){t)dt + Oih-s-^Z)). 



w-ChTi 



This is a slightly stronger version of the main result (2.14) as we 
shall see next. Consider 



J := 



J a 



){t)dt 



R 



gr{t - s)x{s)dNQ{s)dt, 



where we recall that r = h^^^c/^. We split the integral into I + II, 
where I is obtained by retricting the s integration to the interval [a — 
/3, 6 + p] and II is obtained from integration in s over R \ [a — p,h + p\. 
Here we take p = where (5 > can be arbitrarily small but 

independent of h. 

Carrying out first the t integration, we see that 

I < f x{s)dNo{s) = No{b + p)- No{a - p) 



As for II, we have uniformly for t G [a, h] that 

/ gr{t-s)x{s)dN{s)< f lg,{^-^)^{^s)dN{s) = 0{h'^), 

J'R\[a-p,b+p\ J\'t-A>P ''' ^ 

since />/r > /i-''c/4 so that 5ri((t-s)/r)/r = 0{N^) and f xis)dN{s) = 
0{h-''). Thus, 

J < No{b + p) - iVo(a -p) + 0{h^). 

To get a corresponding lower bound, assume 6 — a > 2/j (in order 
to exclude a trivial case), and write 



/•b rb~p 

J> / grit - s)x{s)dNo{s)dt. 

J a J a+p 



For a + p < s < b — p, we have 

rb 



1 > / gr{t-s)dt > 1 -0(/i°°), 

J a 
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so 



J > 



b-p 

( 

a+p 



1 - 0{h°°))dNois) 



> (1 - 0(/i°^))(iVo(6 -p)- No{a + 

> No{b - p) - No{a + p) 



0{h°°). 



< 



In conclusion, for r = p = h '^+2/3^ -^^g gg^ from (17.12), 

A^o(6-p)-iVo(a + p)-0(/i°^) 

5r*(xc^iVo)(Odi (17.13) 
< Afo(& + /o)-iVo(a-/>) + 0(/i°"). 
Applying this to ( |17.12 ), we get with a probability as in ( |17.10 ) 

ma{Ps) n {[a, b] + ihlc[-l, 0]) - {No{b) - No{a))\ 
< 0(1)( i^oiw + p) - Noiw - p)) + h-l-^Z). 



(17.14) 



w=a,b 



This concludes the proof of Theorem 2.1 



Proof of Proposition 2.3 Let Vq be as in Theorem |2.1| and let Wq 
satisfy the assumptions of the proposition. Our unperturbed operator 
is now 

Po = -/i^A + Vo + Wo = p^o+H/o_ (17.15) 



rather than the right hand side of 2.1 that we now denote by P^. The 



proof will consist in checking the proof of Theorem 2.1 with this new 
operator Pq. 

Nothing changes until Section 11 Here Proposition 11.5 can be 
used instead of Proposition |1 1 .4 to see that the conclusion of Proposi- 
tion 11.1 is valid for (the new) unperturbed operator Pq as well as for 
the perturbed operator P^ in (12.2), where now V 
0{h) in L°°. 



Vo + Wo + W 



and as before W 

The discussion in Section 



remains valid. 



In Section 13 the first change appears after (13.12), where we now 
take V = Vq + Wo + W with \\W\\loo = 0(1). Then we s till h ave 
(13.13) provided that we modify the definition of P prior to (13.8) by 
taking P = P + CHq with C large enough. We obtain Proposition 
113.21 as before. 

In the subsequent discusson, Pq is the same operator but with the 
P^o, while P = P^ with V = Vo + Wo + W with 
0{h) in L 



new notation Pg 



the initial assumption that W 



After (13.21) we just 



have to invoke Proposition 11. 5| instead of Proposition 



11.4 
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In the expression for K after (13.23 ) we have to replace W by Wq + 



11.5 



W and as in the proof of Proposition 
0{h^) : ^ fj2 r^Ym^ instead of (|13.24[) we get 



we have {P - 



(17.16) 



Lemma 13.3 remains vahd since Wq also satisfies (13.27). Since 
Wq satisfies (13.37), the following discussion goes through without 



any changes until Proposition 13.4, where we .jus t have to add a term 
0{h?') to the estimate of M — Mq after (13.38). The remainder of 



Section [13] goes through without any changes. 

After that, there are no changes. P^^^ in Proposition 
Dirichlet realization of (the new) Pq = p^o+Wo_ 



16.4 



is the 

□ 



A WKB estimates on an interval 

We follow [I0l[30]. See also [2]. Let F G C^{[a, 6]), -oo < a < 6 < +oo 
and assume that V{x) ^ for all x S [a, b]. Choose a branch of In V{x) 
and put V{xy = exp6'lny(x). Put 

y±{x) = y(x)-3e±<^W/^ = e'^±(^)/'^, 
i;± = ±(j)-jlnV{x), (l)'{x) = V{x)^. 

Then 

^ ~ 1'V ~ 16 \ v 
so 

{V -{hdf)y± = h\y±. 
The equation {V — {hd)'^)y = can be written 

«-(";))U>°- 



Put 



From the identity 



e± = hdy± 
\ y± 



1 \ /I 
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we get 



0. 



(A.2) 



If u± is a scalar C^-function, we get 



hd 
Here, 



1 

V 



^ u±e± = hd{u±)e± - u±i}j'j^e± - u±h^r . (A.3) 



1/ =^^'^(^+-^-) 



and with the substitution 



y 

hdy 



y = u+ + 

hdy = + u-dil)- 



(A.4) 



we find after some calculation that (A.l) is equivalent to 



Here 



r IV" b {V'f 



0. (A.5) 



(A.6) 



y2 16 

Let E{x^ y) be the forward fundamental solution of the differential 
operator in (A.5), i.e. the one which vanishes for x < y. Then for 
a < y < X <b: 

\\Eix,y)\\ < -^expi J (max{?fi^P'^,?fi^P'_){t) + Ch^\rV-^\{t)^ dt. 

(A.7) 



Assume from now on that 

KF(x)5 > 0, X e [a,b]. 



Then (A.7) simplifies to 

\\E{x,y)\\ < iesW+W-»'^+(f))e^^4"l''^"^IW'^*. 

Let us consider the situation of a simple turning point: 

\V{x)\^\x-zo\, V, V" = Oil), 
ha 

\x — Zo\ > for X G [a,b], 



(A.8) 



(A.9) 



(A.IO) 
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where zq G C. Then the last exponential in (A.9) is 0(1) and we get 
||^(x,y)|| < o(i)esW+(^)-«^+(2')), a < y < x < b. (A.ll) 



Apply the operator in (A.5) to 



,0- K 



y+ 





We get 
hd- 



V- 



2^5 



and we have the solution 



1 1 

-1 -1 



u 



V2 \-y+y 



of ( A.5 ), where 

/+ 
/- 

Here 



E{x,y)h'^{y)( ]{y)dy. 

2V2 \-y+; 



-iy) 



Oil) 



V2 



\y - zo\ 



and using (A.ll), we get 



< Che-^ 



1 , . ^+(^) 
-^dy<0{l)e—. 



Thus we have the exact solution of (A.5): 



e— 0(1). 



(A.12) 



(A.13) 



If we make the substitution (A.4), we see that y is an exact solution 
of 

(y-(/i9)2)y = 0, (A.14) 

which satisfies 

(A.15) 



y = 0{\)e^. 



hdy = 0{l)e^. 



(A.16) 



Using this with (A.14), we get similar approximations for the higher 
derivatives of y. 
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The inhomogeneous equation 

{V-[hdf)y = z, 
can be transformed into a system 



hd 



1 
V 



y 

hdy 



(A.17) 



(A.18) 



where the right hand side can be w ritten z^e+ + Z-C-, z^ = —Z- 
-zj'ylV^I'^). The substitution (|A.4[) gives 



hd 







which has the solution 



-1 -1 



1 



2yi/2 ' 
(A.19) 



(A.20) 



Writing 



E L E 



we get 



z(y) 

u+{x) = j {-E++{x,y)+E+_{x,y))^^^l^dy 



U-{x) 



\-E.^ix,y)+E^^{x,y)),^^l^^dy 



(A.21) 



cf ( |A.4D . 

Now we add the assumption that V S C°°([a, 6]). Assume for 
simphcity that ^zq = and assume that 6 < 0. It is standard that we 
have exact solutions to 



(V - {hdf ){a{x- /i)e'^(^)/'*) = 0, = V'H 



(A.22) 



for which a has a complete asymptotic expansion in C°°([a, c]) of the 
form 



3 



(A.23) 



where c is any fixed number in ]a, & — 1/0(1) [. 

By solving the usual sequence of transport equations, we have a 
unique continuation of the Oj to the full interval [a, h\ so that e'^/^ 
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is a formal asymptotic solution of (A. 22) and as we have seen in Sub- 
section [8?2l we have 



= O{\x-zo\ 



(A.24) 



in Subsection 8.2 corresponds to the factor 



The power \x — zo\ 

V{x)~^^^ which is no longer counted in a but in the exponential factor 
^^/h ^ y-l/4g</.//i^ 

On the other hand ae^/^ has a unique extension to the full interval 
[a, 5] as a solution of (A. 21) that we can still write on the same form 
and we shall show that the asymptotic expansion (A.23) still holds 
in sup norm and with the natural remainder estimates. Write a = 

ttjh^ + rj\[ = + rj\[, so that 

{V - {hdf){rNe^/'') = {{hdf - V){a^e'^'^). 

We know that r„ = 0{h^^'^) with all its derivatives on [a, c]. 

Let X £ C°°{\a,h]; [0,1]) vanish near a and be equal to one in a 
neighborhood of [c, h] . Write 

{V-{hdf){xrNe^"') = {{hdf-V){a''e^"')+{{hdf-Vm-x)rNe^"'). 

(A.25) 

Here {{hdf - V){{l-x)rne^^^) = bwe^/^, where bN = 0{h^+^) with 
all its derivatives. On the other hand, using that e'^/'^Y.'^ ajh^ IS a 
formal asymptotic solution, we get 



e~^^^{{hdf -V){a^e^/'') 
where O^cn = 0{\x — ^01"^"^"°"), so 



CN, 



{V-{hdf){xrNe^/'') 

2~a\ 



where d'^dj^ = 0{\x — zq\ '^2 
We conclude that 



o 



h 



N+2 



\y - zo 



Tdy = 0{i)- 



(A.26) 



thus satisfies the same estimate. 

In principle we could also show that d^rjq = 0{\)h^^^ /\x — 
zq|2(^+^)+"j but content ourselves with the observation that this is 
the case in the situation of Subsection |8.2[ since the holomorphy then 
allows us to use the Cauchy inequalities. 
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